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On HARQ-IR for Downlink NOMA Systems
Jinho Choi

Abstract— Non-orthogonal multiple access (NOMA) can
exploit the power difference between the users to achieve a higher
spectral efficiency. Thus, the power allocation plays a crucial
role in NOMA. In this paper, we study the power allocation
for hybrid automatic repeat request (HARQ) in NOMA with
two users. For the power allocation, we consider the error
exponents of the outage probabilities in HARQ with incremental
redundancy (IR) and derive them based on large deviations.
While a closed-form expression for the error exponent (or rate
function) without interference is available, there is no closed-form
expression for the error exponent with interference. Thus, we
focus on the derivation of a lower bound on the error exponent
in this paper. Based on the error exponents, we formulate a
power allocation problem for HARQ-IR in NOMA to guarantee
a certain low outage probability for a given maximum number
of retransmissions. From the simulation results, we can confirm
that it is possible to guarantee a certain outage probability by
the proposed power allocation method.
Index Terms— Non-orthogonal multiple access, HARQ, power
allocation, error exponent.

I. I NTRODUCTION

R

ECENTLY, non-orthogonal multiple access (NOMA) has
been studied for cellular systems in order to improve the
spectral efficiency [1]–[4]. As opposed to orthogonal multiple
access (OMA), in NOMA, multiple users of different channel
gains within a cell can be supported in the same frequency
band and time slot (or radio resource block) simultaneously
by exploiting the power domain. For example, if there are one
user of high channel gain (for convenience, this user is referred
to as user 1) and the other user of low channel gain (this
user is referred to as user 2), a base station (BS) can transmit
two signals to both users simultaneously using superposition
coding [5] or multiuser superposition transmission (MUST)
schemes [6]. In this case, the BS usually allocates a high
transmission power to user 2 and a low transmission power
to user 1. From this, at user 1, the signal to user 2 might
be decodable when superposition coding is employed. Thus,
for successive interference cancellation (SIC) at user 1, user 1
decodes the signal to user 2 first and then decodes his/her
signal after subtracting the decoded signal to user 2. At user 2,
the signal to user 2 can be decoded without significant interference from the signal to user 1, which is weak. NOMA can
be extended for downlink coordinated two-point systems [7]
and multiple input multiple output (MIMO) systems [4].
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While SIC plays a crucial role in NOMA, in [8], it is also
shown that the gain of NOMA over OMA can be achieved
within a constant gap without using SIC at a receiver. In [9],
the power allocation is investigated with actual achievable rates
for a practical MUST scheme.
For reliable transmissions, hybrid automatic repeat
request (HARQ) protocols can be employed [10], [11].
Among various HARQ protocols, an HARQ protocol with
incremental redundancy (HARQ-IR) is known to achieve
the capacity [12]. In [13], the performance of HARQ-IR
is studied in block-fading channels. In [14], asymptotic
performances of HARQ-IR are considered using the notion
of large deviations [15], [16]. Recently, HARQ protocols are
applied to NOMA in [17].
In this paper, we study HARQ-IR for downlink NOMA,
which is referred to as NOMA-HARQ-IR for convenience. For
NOMA-HARQ-IR, we consider superposition coding for two
users who share a common radio resource block. Each user
sends binary feedback signals for acknowledgment (ACK) or
negative-acknowledgment (NACK). In NOMA-HARQ-IR, it
is assumed that the BS does not know instantaneous CSI, but
statistical CSI. Thus, it is important to decide the transmission
rates and powers based on statistical CSI for reasonable performances. In order to decide the transmission rates and powers,
we consider the outage probabilities for a given maximum
number of retransmissions.
While the outage probability without interference is relatively well studied in HARQ-IR [13], [14], that with interference, which is related to the case of decoding of the signal
to user 2 in NOMA-HARQ-IR, is not investigated. Thus,
we focus on the outage probabilities of the signal to user 2
at users 1 and 2. Due to the interfering signal, which is
the signal to user 1, it is not easy to derive a closed-form
expression for the outage probability. Thus, we consider an
asymptotic case based on large deviations and derive a lowerbound on the exponent of the outage probability. With the
derived exponents of the outage probabilities, we consider a
power allocation problem to maximize the minimum of the
exponents. While the resulting power allocation approach is
robust in terms of minimizing the outage probability, it does
not provide an optimal power allocation result to maximize
the throughput (note that the maximization of the throughput
requires closed-form expressions for the outage probabilities,
which are not available). Furthermore, since lower-bounds on
the exponents of the outage probabilities of the signal to user 2
are considered, the resulting power allocation would be biased
to the signal to user 2 (i.e., the more power would be allocated
to the signal to user 2 than needed). However, due to lowerbounds on the exponents, the proposed approach can guarantee
a certain low outage probability for a given maximum number
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of retransmissions, which might be important for applications
requiring reliable transmissions.
Note that NOMA-HARQ-IR in this paper differs from
HARQ for NOMA in [17]. In this paper, we consider power
allocation with statistical CSI as mentioned earlier, while
in [17], power allocation is carried out with CSI feedback.
CSI feedback may be used in NOMA for a better performance
as in [18]. However, in this paper, we only assume binary
feedback (ACK or NACK) as usual in HARQ protocols and
binary feedback is not used for power allocation (i.e., power
allocation is fixed during retransmissions). In addition, in [17],
Chase combining (CC) is considered, while IR1 is used for
HARQ in this paper.
The rest of the paper is organized as follow. In Section II,
we present the system model of NOMA with HARQ-IR.
In Section III, using large deviations, we derive the error
exponents of the outage probabilities. To guarantee a certain
outage probability in NOMA-HARQ-IR, we consider a power
allocation scheme using the error exponents in Section IV.
We discuss simulation results in Section V. The paper is
concluded in Section VI with some remarks.
Notation: Matrices and vectors are denoted by upper- and
lower-case boldface letters, respectively. E[·] and Var(·) denote
the statistical expectation and variance, respectively. CN (a, R)
represents the distribution of circularly symmetric complex
Gaussian (CSCG) random vector with mean vector a and
covariance matrix R. The indicator function is denoted by
½(A), which is 1 if A is true and 0 otherwise.
II. S YSTEM M ODEL
In this section, we present the system model for a NOMA
system with two users and apply HARQ-IR to NOMA.
A. NOMA System With Two Users
Suppose that there are two users for downlink NOMA. For
convenience, we assume that user 1 is close to the BS and
user 2 is far away from the BS. We assume block fading
channels, where h t and gt denote the channel coefficients from
the BS to user1 and user 2, respectively, during time slot t.
It is expected that E[|h t |2 ] > E[|gt |2 ] as user 1 is closer to
the BS than user 2. We assume that during each time slot, a
coded signal block is to be transmitted to each user. Let sk,t
denote the coded signal block of length N, i.e., sk,t ∈ C N , to
user k during time slot t. Then, the received signal at user 1
and user 2 during time slot t, denoted by r(1),t and r(2),t ,
respectively, are given by
r(1),t = h t (s1,t + s2,t ) + nt
r(2),t = gt (s1,t + s2,t ) + ñt ,
CN

to user k. Furthermore, we assume capacity achieving codes
for sk,t . As in [19], the power allocation is important for
NOMA. For coded systems, if each signal block is encoded
independently with code rate Rk for user k, the power allocation is to be satisfied the following inequalities:


αt P2
log2 1 +
≥ R2
αt P1 + 1
log2 (1 + αt P1 ) ≥ R1 ,
(2)
and


log2 1 +

(1)

where nt ∈
and ñt ∈
are the background noise
vectors at user 1 and user 2, respectively, and assumed to
be independent and nt , ñt ∼ CN (0, I).
Throughout the paper, we assume that sk,t ∼ CN (0, Pk I)
for tractable2 analysis, where Pk is the transmission power
1 Note that IR can provide a higher spectral efficiency than repetition time
diversity (RTD) for CC [12].
2 That is, we consider a Gaussian codebook of codewords of length N . This
code can achieve the capacity and simplify analysis.


≥ R2 ,

(3)

where αt = |h t |2 and βt = |gt |2 . If the conditions in (2)
hold, user 1 can decode s2,t first. Then, after subtracting s2,t
from r(1),t , user 1 can decode s1,t without any interference
of s2,t . At user 2, the signal to user 1, i.e., s1,t , is assumed to
be interference and decoding is carried out with it. Thus, the
condition in (3) is necessary for successful decoding.
As shown in (2) and (3), for the power allocation, the BS
needs to know the channel coefficients, which may require
CSI feedback from users. To avoid this, we may consider a
different approach such as HARQ protocols that only require
binary feedback (ACK or NACK) for reliable transmissions.
B. HARQ-IR for NOMA
In this section, we apply HARQ-IR to NOMA for reliable
transmissions with users’ binary feedback signals, which is
referred to as NOMA-HARQ-IR throughout the paper.
For convenience, define


αt P2
V(1),t = log2 1 +
αt P1 + 1


βt P2
V(2),t = log2 1 +
βt P1 + 1
Wt = log2 (1 + αt P1 ) .
(4)
In HARQ-IR, Rk becomes the initial rate [13], as the effective code rate decreases with retransmissions [12]. Denote
by T(k),m the the number of retransmissions to decode the
signal to user m at user k. Then, we have
  T



(5)
V(1),t ≥ R2
T(1),2 = min T 
T

and
T(2),2

CN

βt P2
βt P1 + 1

t =1

  T



= min T 
V(2),t ≥ R2 .
T

(6)

t =1

If there is any user who cannot decode the signal to user 2, the
BS has to retransmit. From this, the number of retransmissions
of the signal to user 2 in NOMA becomes
T2 = max{T(1),2, T(2),2 }.

(7)

At user 1, since the signal to user 2 is to be decoded first, the
number of retransmissions of the signal to user 1 is given by

  T




Wt ≥ R1 , T2 .
(8)
T1 = max min T 
T
t =1
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In fact, T1 is an upper-bound as the BS can retransmit coded
blocks to user 1 with a total power of P1 + P2 without
any signal to user 2 once both the users send the ACK
feedback of the signal to user 2. However, for tractable
analysis, we assume that P1 remains unchanged. As a result,
in NOMA-HARQ-IR, the total number of retransmissions
becomes T1 in (8). From (8), we can see that it is desirable
that the numbers of retransmissions are the same, i.e.,

A. Outage Probability of Signals to User 1

T(1),2 = T(2),2 = T1

(9)

to minimize the number of retransmissions. Unfortunately,
since the channel coefficients are random and unknown to
the transmitter, we cannot always guarantee (9). In addition,
in practice, it may be desirable to have a smaller number of
retransmissions for the signal to user 2 as T1 ≥ T2 according
to (8).
In this paper, we focus on the rate determination and
power allocation for NOMA-HARQ-IR based on the statistical
CSI of user 1 and channel 2. We will consider the outage
probabilities to decide the rates and powers, which are decided
prior to transmissions in NOMA-HARQ-IR. Note that it might
be possible to adapt the powers during retransmissions based
on CSI feedback as in [18], which may provide a better
performance. But, we do not consider this in this paper.
Furthermore, we consider the case that the channel coefficients
are independent and identically distributed (iid) (i.e., randomly
varying from one block to another) as will be assumed in (12),
causal CSI feedback does not help to adaptively decide the
power for the next block. For a given maximum (target)
number of retransmissions, T , the rates and powers can be
decided to have sufficiently low outage probabilities of the
signals as follows:
 T

Wt ≤ R1 ≤ δ,
(10)
Pr
i=1

Pr

 T


V(m),t ≤ R2

≤ δ, m = 1, 2,

s≥0

t =1

where μ1 < E[Wt ] is a parameter3 to be decided for R1 . Note
that for a given T , we have R1 = μ1 T from (10). According
to [15] and [16], it can be further shown that
 T

.
Wt ≤ T μ1 = exp (−T 1 (μ1 , P1 )) ,
(14)
Pr
t =1

.
where 1 (μ1 , P1 ) is the rate function and = represent the
asymptotic equality that is given by
f (T )
1
.
ln
= 0.
f (T ) = g(T ) ⇒ lim
T →∞ T
g(T )
In [14], the rate function in (14) is derived, which is given by
1 (μ1 , P1 ) = max {sμ1 − λ(s)}
s≥0

= max sμ1 − M ln(ᾱ P1 )
s≥0


1
s
,
,
+ ln ψ 1, 2 −
log 2 ᾱ P1

(15)

where λ(s) = ln E[e−s Wt ] and ψ(a, b, z) is the confluent
hypergeometric function of the second kind [20, p. 344].
For convenience, 1 (μ1 , P1 ) is referred to as the (negative)
exponent of the outage probability in (10).

(11)

i=1

where δ is a sufficiently small constant. In this case, successful
transmissions can be achieved within T retransmissions with
a high probability (say ≥ 1 − δ). It is noteworthy that this
approach does not necessarily maximize the throughput.
III. E RROR E XPONENTS OF O UTAGE P ROBABILITIES
In this section, we focus on the error exponents of the
outage probabilities in (11) and (10) under the following
assumption:
A) αt and βt are independent and follow the following
distributions:
αt
1
, αt ≥ 0;
αt ∼ exp −
ᾱ
 ᾱ 
βt
1
βt ∼ exp −
(12)
, βt ≥ 0,
β̄
β̄
where ᾱ = E[αt ] and β̄ = E[βt ]. That is, we consider
independent Rayleigh fading channels for users 1 and 2.
In addition, we assume that
ᾱ ≥ β̄.

In this subsection, we consider an asymptotic analysis of
the outage probability of the signal to user 1 at user 1 when
the signal to user 2 is removed, i.e., that in (10).
Using large deviations [15], [16], under A), we can find
a closed-form expression for an upper-bound on the outage
probability in (10). For iid {αt } or {Wt }, using the Chernoff
bound [5], we have
 T

T
Wt ≤ T μ1 ≤ min esT μ1 E[e−s Wt ] ,
Pr

(13)

B. Outage Probabilities of Signals to User 2
In this subsection, we study the outage probabilities of the
signal to user 2 at both users 1 and 2 for a given T , which
are in (11). Due to the presence of interference in this case,
the analysis is not easy. Thus, we consider bounds in this
subsection for tractable analysis.
Consider the following lower-bound on the signal-tointerference-plus-noise ratio (SINR) at user 1 when decoding
the signal to user 2:
P2
P1 +

1
αt

≥ D(1),2 ()
=

P2
½(αt ≥ ),
P1 + 1/

(16)

where  > 0 is a parameter to be decided. Since


V(1),t ≥ log2 1 + D(1),2 ,
3 The value of μ has to be decided to keep the outage probability low.
1
In (36), a feasible range for μ1 is derived for a given total transmission
power.
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For convenience, define

ω(m) = log2 1 +


ˆm P2
, m = 1, 2.
ˆm P1 + 1

(23)

Property 2: Under A), let
ˆ1

p(1),2 = Pr(αt ≥ ˆ1 ) = e− ᾱ
p(2),2 = Pr(βt ≥ ˆ2 ) = e

−

ˆ2
β̄

(24)

and assume that
μ2 < min{ω(1) p(1),2, ω(2) p(2),2}.

Fig. 1.
Comparisons of E[V(1),t ] and lower-bound, E[Ṽ(1),t ], when
PT = 20 dB and ᾱ = 1.



we can decide  to make log2 1 + D(1),2 a better lowerbound on V(1),t in terms of the mean as follows:



(17)
ˆ1 = argmax E log2 1 + D(1),2 .
≥0

Using (16), we have a binary random variable to approximate
V(1),t as follows:


⎧
⎨log 1 + ˆ1 P2
, if αt ≥ ˆ1 ;
2
ˆ1 P1 + 1
(18)
Ṽ(1),t =
⎩
0,
otherwise.

(25)

Then, when T is a sufficiently large, for binary random
variables, Ṽ(m),t , we have
 T




μ2
.
Pr
Ṽ(m),t ≤ T μ2 = exp −T 2
, p(m),2
,
ω(m)
t =1

(26)
where 2 (q, p) is the rate function which is given by
2 (q, p) = −q ln

1−q
q
− (1 − q) ln
.
p
1− p

(27)

Proof:
Since Ṽ(m),t is a binary random variable,
Ṽ(m),t becomes a binomial random variable. Using the
Chernoff bound for the binomial random variable, we can
obtain (26). For details, see [15].
Let the (negative) exponent of the outage probability in (11)
be
T

t =1

¯2 (μ2 , P1 , P2 )



 
μ2
μ2
= min 2
, p(1),2 , 2
, p(2),2 .
ω(1)
ω(2)

Fig. 1 shows E[V(1),t ] and E[Ṽ(1),t ] for different values of P1
when PT = 20 dB and ᾱ = 1, where PT represents the total
transmission power (i.e., PT = P1 + P2 ). We can see that Ṽ(1),t
can be a good lower-bound when P1 approaches PT .
Similarly, we can also define a lower bound on V(2),t at
user 2 as

2
, if βt ≥ ˆ2 ;
log2 1 + ˆ ˆP2 P+1
2 1
(19)
Ṽ(2),t =
0,
otherwise,

According to (28), for a large T , we can claim that
 T
 T


Pr
V(m),t ≤ T μ2 ≤ Pr
Ṽ(m),t ≤ T μ2

where

From (29), for a given T and (P1 , P2 ), we are able to decide
μ2 or R2 = T μ2 with a sufficiently low outage probability.




ˆ2 = argmax E log2 1 +
≥0

P2
½(βt ≥ )
P1 + 1/


. (20)

Property 1: Under A), there are unique solutions to (17)
and (20). In addition,
ˆ1 ≥ ˆ2 .

(21)

Proof: See Appendix A.
Since Ṽ(m),t ≤ V(m),t , we can have upper-bounds on the
following outage probabilities:
 T
 T


V(m),t ≤ T μ2 ≤ Pr
Pr
Ṽ(m),t ≤ T μ2 , m = 1, 2,
t =1

t =1

(22)
where μ2 is a parameter to be decided for R2 . Since we have
binary random variables in (22), it is easy to find the upperbound on the outage probability using large deviations.

t =1

(28)

t =1

.
¯
= e−T 2 (μ2 ,P1 ,P2 ) , m = 1, 2.

(29)

IV. R ATE D ETERMINATION AND P OWER A LLOCATION
FOR NOMA-HARQ-IR
In this section, we consider the rate determination and power
allocation for NOMA-HARQ-IR with the exponents of the
outage probabilities.
In order to have sufficiently low outage probabilities in
HARQ-IR for a given T , from (10) and (11), we need to
have
R1
= μ1
E[Wt ] >
(30)
T
R2
= μ2 .
(31)
min{E[V(1),t ], E[V(2),t ]} >
T
Property 3: Under A), we have
E[V(2),t ] ≤ E[V(1),t ].

(32)
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Fig. 2. The maximum values of μ1 and μ2 when PT = 10 dB and (ᾱ, β̄) =
(1, 1/8).

Fig. 3. The error exponents of the outage probabilities of the signals to
user 1 and user 2 for different values of ϕ = P1 /PT with P2 = PT − P1 .

Proof: See Appendix B.
From (32), (31) becomes
μ2 < E[V(2),t ].

(33)

For the power allocation, we consider the following power
constraint:
P1 + P2 ≤ PT .

(34)

For convenience, let
ν1 (P1 ) = E[Wt ]
ν2 (P1 , P2 ) = E[Ṽ(2),t ] ≤ E[V(2),t ].

(35)

It is easy to see that ν1 (P1 ) is an increasing function of P1 and
ν2 (P1 , P2 ) is an increasing function of P2 and a decreasing
function of P1 . Thus, from (34), for a given PT , μ1 and μ2
should be decided to satisfy the following inequalities:
μ1 < μ̄1 (PT ) = ν1 (PT )
μ2 < μ̄2 (PT ) = ν2 (0, PT ).

(36)

From (36), we can find feasible (normalized) rates, μ1 and μ2 ,
for a given PT .
In Fig. 2, we show the upper bounds on μm , m = 1, 2, when
PT = 10 dB and (ᾱ, β̄) = (1, 1/8). It is shown that μ̄1 (PT )
is larger than μ̄2 (PT ) unless P1 is much smaller than PT
(i.e., P1
PT ). Thus, μ1 would be usually larger than μ2 .
That is, the transmission rate to the user near to the BS
(i.e., user 1) is higher than that to the user far away from
the BS (i.e., user 2).
For a given PT , suppose that we have decided feasible
rates as μm < μ̄m (PT ), m = 1, 2. Then, for given μ1 and
μ2 , we could decide P1 and P2 such that the exponents of
the outage probabilities are the same. That is, as mentioned
earlier, since (9) cannot be guaranteed, we consider low outage
probabilities for a given T as in (10) and (11). To this end,
the power allocation can be carried out as follows:
max P1 ,P2 min{1 (μ1 , P1 ), ¯2 (μ2 , P1 , P2 )}
subject to P1 + P2 ≤ PT .

(37)

An important feature of this power allocation is that it can be
performed without the maximum number of transmissions, T ,
as the exponents are not functions of T . Thus, the resulting
power allocation can be used for any maximum number of
transmissions, T .
In addition, as in (36), the determination of the feasible rates
is independent of T . Consequently, the rate determination and
power allocation to provide low outage probabilities in this
paper can be carried out without T .
Property 4: Suppose that μ2 satisfies the inequality in (36).
Let P1∗ and P2∗ denote the solution powers of (37). Then, we
have
P1∗ + P2∗ = PT .

(38)

Proof: See Appendix C.
The result in Property 4 can help simplify the optimization
as we only need one-dimensional search as (37) reduces to
ϕ ∗ = argmax min{1 (μ1 , ϕ PT ), ¯2 (μ2 , ϕ PT , (1 − ϕ)PT )},
0≤ϕ≤1

(39)
where ϕ = PPT1 . The power allocation in (39) is referred to as
the error exponent based power allocation (EE-PA). Note that
this power allocation is biased to user 2 as the error exponent
of the outage probability of user 2 is obtained from an upperbound on the outage probability of user 2 as in (29). Thus,
the EE-PA scheme may allocate more power to the signal to
user 2 than needed. However, since successful decoding of the
signal to user 2 is required for SIC prior to decoding of the
signal to user 1 in NOMA-HARQ-IR as in (8), this biased
power allocation would not be problematic.
For convenience, we denote by ∗ the error exponent that
corresponds to ϕ ∗ , i.e.,
∗ = min{1 (μ1 , ϕ ∗ PT ), ¯2 (μ2 , ϕ ∗ PT , (1 − ϕ ∗ )PT )}.

(40)

Clearly, the outage probabilities become less than or equal to
∗
e−T  . Thus, the maximum number of retransmissions, T , can
be decided if ∗ is known with a guaranteed outage probability.

CHOI: HARQ-IR FOR DOWNLINK NOMA SYSTEMS

Fig. 4. Performances of NOMA-HARQ-IR for different values of PT when
(μ1 , μ2 ) = (1.5, 0.5) and d = 1.5: (a) the power allocation and error
exponents (i.e., ϕ ∗ and ∗ ); (b) outage probabilities with T = 4.

Alternatively, if δ and T are given in (11) and (10), we can
∗
find PT to guarantee δ ≤ e−T  using the EE-PA scheme.
For illustration purposes, we consider an example with
(ᾱ, β̄) = (1, d1η ), where d is the normalized distance between
user 2 and the BS (we assume that the distance between user 1
and the BS is normalized to be 1) and η is the path loss
exponent. We assume that η = 3, (μ1 , μ2 ) = (1.5, 0.5), and
d = 1.5. With PT = 15 and 25 dB, the error exponents
are shown in Fig. 3 for different values of ϕ = P1 /PT with
P2 = PT − P1 = (1−ϕ)PT . The optimal value of ϕ is the point
where the error exponents of the two users are the same when
PT = 15 dB, which is shown by “×” mark. On the other hand,
when PT = 25 dB, the optimal value of ϕ is the maximum
point of ¯2 (μ2 , ϕ PT , (1−ϕ)PT ), which is shown by “∗” mark.
From Fig. 3, we can see that ∗ with PT = 25 dB is higher
than that with PT = 15. That is, a higher total power results
in a larger error exponent. In addition, ϕ ∗ with PT = 25 dB is
larger than that with PT = 15 dB. This implies that the power
ratio to user 1, PPT1 , decreases as the total power PT increases,
while PPT2 increases.

3581

Fig. 5.
Performances of NOMA-HARQ-IR with two different power
allocation schemes when (μ1 , μ2 ) = (1.5, 0.5) and d = 1.5: (a) the
throughputs versus PT (with T = 20); (b) the outage probabilities versus
the maximum (target) number of retransmissions T (with PT = 16 dB).

V. S IMULATION R ESULTS
In this section, we present simulation results. For comparison purposes, we consider a simple power allocation scheme
that satisfies the following equality:
ᾱ P1 =

β̄ P2
,
β̄ P1 + 1

(41)

with PT = P1 + P2 . From this power allocation, the received
signal-to-noise ratio (SNR) (of the signal to user 1) at user 1
would be the same as the receive-SINR (of the signal to user
2) at user 2, which is referred to as the equal receive-SINR
power allocation (equal RX-SINR-PA). For simulations, we
assume that ᾱ = 1 and β̄ = 1/d η with η = 3 under A).
Fig. 4 (a) shows the power allocation result from the EE-PA
in (39) and the corresponding error exponent, ∗ , for different
values of PT when (μ1 , μ2 ) = (1.5, 0.5) and d = 1.5. It is
interesting to see that ϕ ∗ = PPT1 decreases with PT and then
P∗

increases. As in Fig.3, when PT is low, ϕ ∗ = P1T , is the
point that makes the error exponents of the two users equal,
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Fig. 6. Performances of NOMA-HARQ-IR for different values of d when
PT = 20 dB and (μ1 , μ2 ) = (1.5, 1.0): (a) ϕ ∗ and ∗ ; (b) the outage
probabilities (with T = 4).

Fig. 7. Performances of NOMA-HARQ-IR for different values of μ2 when
μ1 = 1.5, PT = 20 dB, and d = 1.5: (a) ϕ ∗ and ∗ ; (b) the throughputs of
EE-PA and equal RX-SINR-PA (with T = 20).

which decreases with PT . However, if PT is sufficiently large,
ϕ ∗ , becomes the maximum point of ¯2 (μ2 , ϕ PT , (1 − ϕ)PT ),
which increases with PT .
In Fig. 4 (b), we show the outage probabilities with T = 4
for the EE-PA and equal RX-SINR-PA schemes. The upper∗
bound on the outage probability is given by e−T  in the
EE-PA scheme. We note that the outage probability at user 2
is much lower than the upper-bound. As in (29), in order
to find the outage probability of the signal to user 2 in the
EE-PA scheme, we consider an upper-bound. Fig. 4 (b), we
can see that this bound is not tight. As a result, the outage
behavior of the EE-PA scheme is not better than that of the
equal RX-SINR-PA scheme (on the other hand, the EE-PA
scheme provides a better throughput than the equal RX-SINRPA scheme as will be shown in Fig. 5 (a)). Thus, we may need
to derive a better bound as a further research topic.
In Fig. 5 (a), we show the throughputs of NOMA-HARQ-IR
for different values of PT with the two different power
allocation methods: (i) the EE-PA; (ii) the equal RX-SINR-PA.
We assume that T = 20, (μ1 , μ2 ) = (1.5, 0.5), and d = 1.5.
We can see that the EE-PA scheme can provide a higher

throughput than the equal RX-SINR-PA scheme. Fig. 5 (b)
shows the outage probabilities at user 1 and user 2 for different
values of T . We can see that the exponent in (40) by the
EE-PA scheme is similar to the exponent of the outage
probability of user 1, while it is larger than that of the outage
probability of user 2. As mentioned earlier, this is due to the
upper-bound in (29).
Fig. 6 shows the performances of NOMA-HARQ-IR for
different values of d when PT = 20 dB and (μ1 , μ2 ) =
(1.5, 1.0). As d increases, it is expected to allocate more power
to the signal to user 2 as shown in Fig. 6 (a). We can also
see that the error exponent decreases with d. Accordingly, as
shown in Fig. 6 (b), the outage probabilities increase with d.
From Figs. 4 (b), 5 (b), and 6 (b), we can observe that all
∗
the outage probabilities are lower than the upper-bound, e−T  .
Clearly, this confirms that the EE-PA scheme is an effective
means to guarantee a certain outage probability for a given
maximum number of retransmissions, T .
Fig. 7 shows the performances of NOMA-HARQ-IR for different values of μ2 when μ1 = 1.5, PT = 20 dB, and d = 1.5.
For a fixed μ1 , as μ2 increases, we need to allocate a higher
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NOMA-HARQ-IR needed to take into account the interference
in decoding the signal to the user far away from the BS
(i.e., user 2), where the interference is the signal to the user
close to the BS (i.e., user 1). For the rate determination and
power allocation, we considered the outage probabilities for
a given maximum number of retransmissions. In particular,
the error exponents have been taken into account to allocate
the power to maximize the minimum of the error exponents
for given rates based on large deviations. From this, we could
guarantee a certain outage probability for a given total power
and a maximum number of retransmissions. To this end, we
derived a closed-form expression for a lower-bound on the
exponent of the outage probability of the signal to user 2.
Based on simulation results, we confirmed that it is possible to
guarantee a certain outage probability by the proposed power
allocation method, i.e., the EE-PA scheme. However, as the
EE-PA scheme does not maximize the throughput, we may
need a further study to find a power allocation scheme to
maximize the throughput for NOMA-HARQ-IR.
A PPENDIX A
P ROOF OF P ROPERTY 1
We first consider (17). Under A), it can be shown that



dE[ln(1 + D(1),2)]
P1
P
= e− ᾱ
−
d
1 + P
1 + P1 


e− ᾱ
−
(ln(1 + P) − ln(1 + P1 )) .
ᾱ
(42)
To find the maximum, the derivative is set to 0, which results in
1 + P
P − P1
= ln
.
(43)
ᾱ
(1 + P)(1 + P1 )
1+ P 

   1 

Fig. 8. Outage probabilities (with T = 4) versus μ2 (μ1 = 1.5, PT = 20 dB,
and d = 1.5): (a) the EE-PA scheme; (b) the equal-RX-SINR-PA scheme.

power to the signal to user 2. Thus, as shown in Fig. 7 (a),
the power to the signal to user 1 decreases with μ2 , which also
results in the decrease of the error exponent. In Fig. 7 (b),
the throughputs of the EE-PA and equal-RX-SINR-PA
schemes are shown. As μ2 approaches μ1 = 1.5, we can
see that the equal-RX-SINR-PA scheme can provide a higher
throughput than the EE-PA scheme. As mentioned earlier,
since the EE-PA scheme is not to maximize the throughput, it
can provide a lower throughput than the equal-RX-SINR-PA
scheme.
Fig. 8 shows the outage probabilities of EE-PA and equal
RX-SINR-PA with T = 4 for different values of μ2 when
μ1 = 1.5, PT = 20 dB, and d = 1.5. Clearly, we can see that
the EE-PA scheme can guarantee a certain outage probability
through the upper-bound. Note that since the equal RX-SINRPA scheme does not take into account outage probability, it is
not necessary to guarantee any outage probability.
VI. C ONCLUDING R EMARKS
In this paper, we studied HARQ-IR for NOMA with two
users. Unlike conventional HARQ-IR for single-user systems,

= f ()

=g()

Since P > P1 , f () decreases with , while g() increases
with . In addition, f (0) = (P − P1 ) > g(0) = 0 and f (∞) =
0 < g(∞) = ln PP1 . Consequently, there must be a unique
solution  that satisfies the equality in (43), i.e., ˆ1 is the
unique solution that satisfies
ᾱ f (ˆ1 ) = g(ˆ1 ).
In addition, since ᾱ > β̄, we can have ˆ1 > ˆ2 , ˆ2 is the
unique solution that satisfies
β̄ f (ˆ2 ) = g(ˆ2 ).
A PPENDIX B
P ROOF OF P ROPERTY 3
Define the following function:


P2 x
G(x) = ln 1 +
.
P1 x + 1
Clearly, V(1),t = ln12 G(αt ) and V(2),t = ln12 G(βt ). It can
be easily shown that G(x) is an increasing function of x.
In addition, under A), it follows

 
β̄
αt
.
E[G(βt )] = E G
ᾱ
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Since β̄ ≤ ᾱ and G(x) is an increasing function of x, it can
be shown that
 

β̄
E[G(βt )] = E G
≤ E[G(αt )].
αt
ᾱ
This completes the proof.
A PPENDIX C
P ROOF OF P ROPERTY 4
From (23), we can see that ω(2) increases with P2 when P1
2
is fixed. Thus, for a fixed P1 , ωμ(2)
in the effective exponent
in (28) decreases with P2 . Furthermore, since 2 (q, p) is the
relative entropy [5], we can see that 2 (q, p) decreases with
q when q < p and p is fixed. From this, if P2 < P2 , we have
¯2 (μ2 , P1 , P2 ) < ¯2 (μ2 , P1 , P2 ).

(44)

Since the maximum of P2 for a given P1 is PT − P1 , the
maximum exponent becomes ¯2 (μ2 , P1 , PT − P1 ). Thus, for
a given P1 , it can be shown that
min{1 (μ1 , P1 ), ¯2 (μ2 , P1 , P2 )}
≤ min{1 (μ1 , P1 ), ¯2 (μ2 , P1 , PT − P1 )}
if P2 < PT − P1 . This confirms that if P1∗ is the solution to
(37), P2∗ = PT − P1∗ , which completes the proof.
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