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On the Power Allocation for a Practical Multiuser Superposition Scheme
in NOMA Systems
Jinho Choi

Abstract—In this letter, we study nonorthogonal multiple access
(NOMA) systems with a linear multiuser superposition transmission (MUST) scheme. To perform the power allocation or the
determination of the transmission power ratio for linear MUST
with practical modulation schemes of finite constellation sizes, we
consider the mutual information. An approach based on Monte
Carlo simulations is devised to obtain the mutual information.
While the sum rate maximization (based on the capacity) has a
trivial solution, numerical examples show that there is a nontrivial solution to the power allocation problem for maximizing total
mutual information. Thus, for certain given conditions (e.g., the
total transmission power and modulation schemes), we are able
to decide the optimal power (and rate) allocation for the linear
MUST scheme to maximize the total mutual information.
Index Terms—Nonorthogonal multiple access, code division
multiple access, hierarchical modulation.

I. I NTRODUCTION

V

ARIOUS
multiuser
superposition
transmission
(MUST) schemes are considered for non-orthogonal
multiple access (NOMA) systems in wireless standards [1].
Among those, a linear MUST scheme is based on the notion of
superposition coding (SC) [2] that can achieve the capacity of
multiple access channel (MAC) using successive interference
cancellation (SIC) [3]. The linear MUST scheme is also
similar to the hierarchical modulation scheme that is widely
used for broadcast [4].
NOMA is also studied for various systems including multiple input multiple output (MIMO) systems with the linear
MUST scheme. In [5], NOMA is studied for downlink coordinated two-point systems. In the case that the base station (BS) is
equipped with multiple antennas, beamforming can be used for
NOMA downlink transmissions as in [6], [7]. A performance
analysis is presented in [8] and a power allocation problem
for NOMA is studied in [9]. For open-loop MIMO downlink
transmissions, in [10], the ergodic capacity of MIMO-NOMA
with two users is derived and the power allocation is carried out
(i.e., the BS allocates the power to two users’ signals based on
statistical channel state information (CSI)).
In general, the power allocation is important for NOMA and
can be carried out by dividing a total power to two symbols
in the linear MUST scheme for two users. The optimal power
allocation to maximize the sum rate in downlink transmissions
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becomes trivial in the case that one user is close to the BS (this
user is referred to as user 1) and the other user is far away
from the BS (this user is referred to as user 2). In this case,
all the power is to be assigned to user 1 to maximize the sum
rate. Since this case is a typical one in NOMA where the power
domain is to be exploited, we may need to consider constraints
for individual users (in terms of power or rate) or different criteria (e.g., the fairness [9]) to avoid this trivial solution to the
power allocation.
In this letter, we consider the power allocation for the linear MUST scheme in NOMA downlink transmissions with two
users when practical modulation schemes are employed. Due
to practical modulation schemes of finite constellation sizes, we
use the mutual information rather than capacity for the objective
function in the power allocation problem. Since a closed-form
expression for the mutual information is not available, a numerical approach based on Monte Carlo simulations is proposed.
It is shown that the solution to the optimal power allocation
problem (to maximize the total mutual information with practical modulation schemes) is not trivial and depends on the
modulation schemes employed.
II. NOMA S YSTEM W ITH T WO U SERS
A. Linear Multiuser Superposition Transmissions
Suppose that a BS is to transmit two symbols to two users
over the same radio resource block. In the linear MUST scheme
[1], the signal to be transmitted is given by
x = s1 + s2 ,

(1)

where sk ∈ Sk denotes the symbol to user k and Sk is the associated signal constellation. The resulting symbol, x, can be seen
as a symbol of hierarchical modulation. It is assumed that
E[sk ] = 0 and E[|sk |2 ] = Pk ,

(2)

where Pk is the signal power to symbol sk or user k and E[·]
denotes the statistical expectation. Let PT = P1 + P2 be the
total transmission power. According to [1], the transmission
power ratio for the MUST-near user is defined as α = PPT1 .
Denote by h k the channel coefficient from the BS to user k.
Then, the received signals at users 1 and 2, denoted by y and z,
respectively, are given by
y = h 1 x + n 1 and z = h 2 x + n 2 ,

(3)

where n k ∼ CN(0, 1). Here CN(μ, σ 2 ) represents the probability density function (pdf) of a circularly symmetric complex
Gaussian random variable with mean μ and variance σ 2 . Note
that the noise variance is normalized for convenience.
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B. Maximum Sum Rate Power Allocation
|2 .

Let κk = |h k Furthermore, it is assumed that s1 and s2 are
Gaussian in this subsection.
At user 1, s2 is to be detected and decoded first. Once s2 is
decoded and recovered, it can be removed from y in decodrate for s2 , denoted by R2 , is
ing s1 . Thus, the achievable

κ1 P2
bounded by R2 ≤ log2 1 + κ1 P1 +1 . Since s2 can be removed,
the achievable rate for s1 , denoted by R1 , becomes R1 ≤ C1 =
log2 (1 + κ1 P1 ), where C1 is the capacity of the channel from
the BS to user 1 without s2 .
At user 2, it is assumed that the signal to user 1 is negligible if
P1 < P2 . Thus, s2 is to be detected and decoded in the presence
of the interference due to s1 . The resulting achievable rate for
s2 becomes


β P2
,
(4)
R2 ≤ C2 = log2 1 +
β P1 + 1
where β = min{κ1 , κ2 } and C2 is the capacity of the channel
from the BS to user 2 in the presence of the interference s1 . In
general, it is expected that κ1 > κ2 . In this case, the sum rate
becomes
R1 + R2 ≤ log2 (1 + κ2 PT ) + log2 (1 + κ1 P1 )
− log(1 + κ2 P2 ).

achieve the capacity). In this section, we explain how the
mutual information of linear MUST can be obtained for given
signal constellations of s1 and s2 , and consider for the power
allocation.
Suppose that the number of elements in Sk is finite. Let
Mk = |Sk |. Furthermore, assume that sk is equally likely. Thus,
we have Pr(sk ) = M1k , sk ∈ Sk . For a finite signal constellation,
the mutual information without any interference is widely studied and called coded modulation (CM) capacity [11] [12]. In
particular, the mutual information between y and s1 for given
s2 is well-known and given by

f ( ỹ | s1 )
,
(8)
I(y; s1 | s2 ) = I( ỹ; s1 ) = E log2
f ( ỹ)
where ỹ = y − h 1 s2 = h 1 s1 + n 1 , f ( ỹ | s1 ) is the conditional
pdf of ỹ for given s1 , and f ( ỹ) is the pdf of ỹ.
Assuming that κ1 > κ2 , we can decide the rate for s2 at user 2
using the mutual information. The mutual information between
z and s2 is given by

f (z | s2 )
I(z; s2 ) = E log2
f (y)
f (z | s2 )
dz.
(9)
f (z, s2 ) log2
=
f (z)
s2 ∈S2

(5)

The conditional pdf of z for given s2 is given by

Note that in orthogonal multiple access (OMA), the sum rate
becomes
R1 + R2 ≤


1
log2 (1 + κ1 PT ) + log2 (1 + κ2 PT ) ,
2

(6)

which is generally lower than the sum rate of NOMA.
From (5), for a given total power PT , we can see that the sum
rate is maximized if P1 = PT and P2 = 0 (or α = 1). That is,
the optimal solution to the following problem,

f (z | s2 ) =

f (z | s1 , s2 ) Pr(s1 ),



where f (z | s1 , s2 ) = π1 exp −|z − h 2 (s2 + s1 )|2 . In general,
it is not easy to derive a closed-form expression for I(z; s2 ) in
(9). Thus, we may use Monte-Carlo simulations to find an estimate of I(v; s2 ). In this case, the following expression becomes
useful:

P1 +P2 ≤PT

1
−
M2

(7)

becomes P1 = PT and P2 = 0. In this power allocation, we
have assumed that i) the channel coefficients are known to
the BS; ii) Gaussian codebooks are used to achieve the capacity. While the first assumption (i.e., the known CSI at the BS)
might be valid due to the channel reciprocity in time division
duplex (TDD) mode or CSI feedback in frequency division
duplex (FDD) mode, the second assumption may not be true
when conventional modulation schemes (e.g., M-ary QAM) are
used. As a result, we have a different power allocation result,
which depends on the employed modulation scheme.

(10)

s1 ∈S1

I(z; s2 ) = log2 M2

{P1 , P2 } = argmax log2 (1 + κ2 PT )
+ log2 (1 + κ1 P1 ) − log(1 + κ2 P2 ),
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E log2

s2 ∈S2

= log2 M2 −
where

1
M2


A(z, s2 ) = log2

= log2

 
f (z|s2 ) 
 s2

f (z|s2 )

s2 ∈S2

E [A(z, s2 )|s2 ] ,

(11)

s2 ∈S2

s2 ∈S2

f (z|s2 )

f (z|s2 )


s2 ∈S2



s∈S1



e−|z−h 2 (s1 +s2 )|

2

.

(12)

E[A(z, s2 )|s1 , s2 ] Pr(s1 ).

(13)

s∈S1

e−|z−h 2 (s1 +s2 )|

2

Then, we have
III. M UTUAL I NFORMATION W ITH P RACTICAL
M ODULATION S CHEMES
With practical modulation schemes (of finite constellation
sizes) for linear MUST, it is desirable to consider the mutual
information to decide the code rate and power allocation rather
than the capacity (as practical modulation schemes cannot

E[A(z, s2 )|s2 ] = E [E[A(z, s2 )|s1 , s2 ]]
=
s1 ∈S1

In the term on the right-hand side (RHS) of the last equality in
(13), the expectation can be replaced with the sample mean of
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Fig. 1. Mutual information versus α when PT = 20 dB and M2 = 4 (I1 and I2
stand for I(y; s1 |s2 ) and I(z; s2 ), respectively).

a number of realizations of z generated from the distribution,
f (z|s1 , s2 ), i.e.,
E[A(z, s2 )|s1 , s2 ] =
≈

A(z, s2 ) f (z|s1 , s2 )dz
1
N

N

A(z (n) , s2 ),

(14)

n=1

where z (n) ∼ f (z|s1 , s2 ) and N is the number of samples.
Note that if κ2 > κ1 , we need to find I(y; s2 ), which can also
be obtained by the Monte Carlo simulation approach mentioned
in above.
The power allocation problem with practical modulation
schemes can be given by
argmax min{I(y; s2 ), I(z; s2 )} + I(y; s1 ).

P1 +P2 ≤PT

(15)

Since we do not have closed-form expressions for I(y; s2 ),
I(z; s2 ), and I(y; s1 ), the above numerical approach based on
Monte Carlo simulations allows us to estimate the values of
I(y; s2 ), I(z; s2 ), and I(y; s1 ) and to decide P1 and P2 in (15)
(note that once P1 and P2 are decided, the code rates are also
decided according to the mutual information in (8) and (9).

Fig. 2. Symbol error rate versus α when PT = 20 dB and M1 = M2 = 4.

P1 , certainly, a higher order modulation is desirable to approach
the capacity. That is, if P1 > 4 dB, M1 = 16 is preferable to
M1 = 4. Furthermore, the mutual information is always lower
than or equal to the capacity, C1 = log2 (1 + κ1 P1 ), which can
be achieved with a Gaussian codebook.
Since P2 = PT − P1 , when P1 is small, I(z; s2 ) can achieve
the maximum value, which is log2 M2 = 2, as shown in Fig. 1
(by the solid lines with square and cross markers). Unlike
I(y; s1 |s2 ), however, we can see few different behaviors. For
example,
the mutual
information can be higher than C2 =


κ2 P2
log2 1 + κ2 P1 +1 , when P1 is large or P2 is small. Since C2
is obtained under the assumption that the interference s1 is
Gaussian, it is not the maximum achievable rate for s2 when s1
is a symbol from a finite constellation S1 . Thus, I(z; s2 ) can be
larger than C2 . Another interesting observation is that I(z; s2 )
can increase when P2 increases (and P1 decreases), which has
been observed with the curve of M1 = 4 in Fig. 1 (i.e., the solid
line with square markers). This behavior can be explained from
the signal detection point of view. At user 2, the maximum likelihood (ML) detection can be considered to detect s2 . From
(10), we have
ŝ2 = argmax f (z | s2 )
s2 ∈S2

= argmax
IV. N UMERICAL R ESULTS AND D ISCUSSIONS
In this section, we consider few examples for the power allocation in (15) with M-ary QAM, where M is a power of an even
number (e.g., 2 or 4 for 4-QAM or 16-QAM, respectively).
Suppose that κ1 = 1 and κ2 = d1η , where d is the normalized distance between the BS and user 2 and η is the path loss
exponent (we only consider large-scale fading for convenience).
With d = 2, η = 3, and PT = 20 dB, the mutual informations,
I(z; s2 ) and I(y; s1 |s2 ) are obtained by the Monte Carlo method
with N = 10, 000 samples. For s1 , we consider both 4-QAM
and 16-QAM (i.e., M1 ∈ {4, 16}), while M2 = 4 (i.e., 4-QAM
is employed for s2 ). The results are shown in Fig. 1. In Fig. 1,
I(z; s1 |s2 ) is shown for different values of P1 , where we can
see typical behaviors of the mutual information. The maximum
value of I(z; s1 |s2 ) is log2 M1 and increases with P1 . At a higher

s2 ∈S2 s ∈S
1
1



exp −|z − h 2 (s1 + s2 )|2 .

(16)

If P1 is sufficiently large, the term of the true s1 might be
dominant in the sum, which can effectively cancel the interference from s1 and result in a good detection performance for s2 .
However, if P1 approaches PT , the signal power to s2 decreases,
which results in a bad detection performance. The simulation
result of the symbol error rate (SER) for s2 at user 2 is shown
in Fig. 2, where we can observe that the SER can decrease with
P1 when P1 is large and then increase again as P1 approaches
PT .
Fig. 3 shows the total mutual information, I(y; s1 | s2 ) +
I(z; s2 ), when PT = 20 dB. While the power allocation to the
sum rate maximization in NOMA system is trivial (P1 = PT
and P2 = 0 from Subsection II-B), as shown in Fig. 3, the
power allocation is not trivial if practical modulation schemes
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Fig. 3. Total mutual information versus α when PT = 20 dB.

are considered. It is shown that the maximum total mutual information can be obtained at different values of P1 depending on
(M1 , M2 ) for a fixed PT . With (M1 , M2 ) = (4, 4), for the maximum total mutual information, we need P1 = 10 dB (or the
transmission power ratio for the MUST-near user is α = 0.1).
On the other hand, with (M1 , M2 ) = (16, 4), we need P1 =
13 dB (or α = 0.2). With (M1 , M2 ) = (64, 4), the maximum
total mutual information can be achieved at about P1 = 17 dB
(or α = 0.5). In general, as M1 increases, the maximum total
mutual information increases for a fixed M2 and the optimal
power to s1 , P1 , also increases.
It is also shown that the increase of M2 results in a higher
total mutual information. If (M1 , M2 ) = (16, 16), the maximum total mutual information is achieved when P1 is about
12 dB (or α = 0.15) and higher than that with (M1 , M2 ) =
(16, 4).
In general, the larger M1 and M2 , the higher total mutual
information the linear MUST scheme can achieve with the optimal power allocation. However, the increase of the total mutual
information becomes limited once M1 and M2 are sufficiently
large, while the complexity of (ML) detection grows exponentially with M1 and M2 . Thus, for practical implementations,
small M1 and M2 would be desirable. For example, in Fig. 3,
(M1 , M2 ) = (16, 4) can provide a reasonably high total mutual
information by the optimal power allocation with relatively low
complexity in signal detection.
In Fig. 4, we consider the case of M1 = M2 = 4, which
might be one of practical choices for the linear MUST scheme
for a moderate value of total transmission power, e.g., PT = 10
dB. In order to see the impact of the normalized distance d,
three different values of d are considered: d ∈ (1.1, 2, 4). For a
fixed power allocation, the sum rate of NOMA with Gaussian
codebook can increase with κ2 = d1η (or decrease with d)
according to (5). In addition, the maximum sum rate is maximized as α approaches 1. However, when 4-QAM is employed
for the linear MUST scheme, we have different results with the
mutual information as shown in Fig. 4. While a small d provides
a better performance, the optimal power allocation to maximize
the total mutual information depends on d. In general, as d
increases, the optimal value of α increases.
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Fig. 4. Total mutual information versus α for different values of d when M1 =
M2 = 4 and PT = 10 dB.

V. C ONCLUSIONS
In this letter, we studied the power allocation for the NOMA
system of two users when practical modulation schemes are
employed for the linear MUST scheme. For the power allocation, we derived a numerical approach to compute the mutual
information for given modulation schemes of finite constellation sizes. Unlike the power allocation with ideal capacity, it
was shown that the solution to the power allocation problem
for maximizing the total mutual information is not trivial and
depends on the employed modulation schemes.
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