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Minimum Power Multicast Beamforming
With Superposition Coding for Multiresolution
Broadcast and Application to NOMA Systems
Jinho Choi, Senior Member, IEEE

Abstract—Multicast beamforming with superposition coding
(SC) is studied for multiresolution broadcast where both data
streams of high priority (HP) and low priority (LP) are to be
transmitted for a user close to a base station (BS), while only data
stream of LP is to be transmitted to a user not close to the BS
(e.g., a cell-edge user). Using SC, a minimum total transmission
power beamforming problem has been formulated to find beamforming vectors and powers for both users. For given normalized
beamforming vectors, a closed-form expression for the optimal
power allocation is derived from which an iterative algorithm is
considered to find beamforming vectors. The proposed multicast
beamforming with SC is applied to nonorthogonal multiple access
(NOMA) systems to support multiple users as a two-stage beamforming method.
Index Terms—Superposition coding, multiresolution broadcast,
multicast beamforming.

I. I NTRODUCTION

S

UPERPOSITION coding (SC) for broadcast channels was
considered to achieve the capacity of broadcast channels
[1]. Since then, SC has been extensively studied in the area
of information theory, while it has been recently considered in
wireless systems to improve the spectral efficiency [2], [3]. In
wireless communications, hierarchical modulation can be seen
as an example of SC, which is used in various systems, e.g.
broadcast systems [4]–[6], cooperative transmissions [7], and
two-way relay networks [8]. In multiresolution broadcast such
as in [4], [5], multiple signals can be transmitted using SC,
where a user near to a transmitter can decode more signals,
while a user far from the transmitter can only decode a few
signals. Thus, the received signal quality can be gradually
degraded as the distance between a user and the transmitter
increases. That is, a user near to the transmitter can have a high
resolution signal (or a signal of good quality), while a user far
from the transmitter can only have a low resolution signal (or a
signal of poor quality).
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For broadcast/multicast1 services in wireless communications, beamforming can also be used for effective transmissions.
In [9], [10], multicast beamforming is studied where a beam can
be used to a group of users who need to a common signal (i.e., a
broadcast signal). In [10], multiple user groups are considered
with multiple beams where each group is to receive different
signals, while a single beam is considered in [9] as all users are
to receive a common signal.
In this paper, we consider multicast beamforming with SC for
multiresolution broadcast where two different broadcast signal
streams exist. Among two users (one user is close to a base
station (BS) and the other is not), the user close to the BS
can receive two different data streams, while the other user
can only receive one data stream. A minimum power multicast
beamforming problem with SC is formulated. Unfortunately,
since the problem is not a standard optimization problem, we
cannot obtain optimal beamforming vectors as a closed-form
solution. Thus, we first obtain a closed-form expression for the
optimal power allocation for given beamforming vectors. Then,
an iterative algorithm is derived to find beamforming vectors
for two users, which has a performance that depends on initial
beamforming vectors. It is noteworthy that the problem in this
paper differs from that in [11]. In [11], SC and beamforming
are studied for broadcast channels to find the capacity (or rateregion). On the other hand, the novelty of this paper is to study
the optimal beamforming vectors that minimize the total transmission power for given target rates in a broadcast system with
multiresolution transmissions where the interference is mitigated at a user (receiver) using successive interference cancellation (SIC).
Nonorthogonal multiple access (NOMA) is studied in [12],
[13] where SC is employed to increase the spectral efficiency
and SIC is used at a receiver to remove interfering signals. In
NOMA, a pair of users of strong and weak channel gains is
usually considered to share a common access channel. In [14],
beamforming is employed with SC for NOMA in a multiuser
system, where a beam is shared by a pair of users. Since two
users sharing a beam have strong and weak channel gains, it is
possible to apply it to multiresolution multicast services, where
two users have different qualities of signals. In this paper, we
also apply the proposed multicast beamforming with SC to
1 Both broadcast and multicast modes are point-to-multipoint transmissions.
Multicast mode requires user subscriptions, but broadcast mode does not [5],
[6]. However, in this paper, we do not distinguish them. That is, they are
interchangeable.
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transmitted by the BS is given by
z = wsLP + vsHP .

Fig. 1. An illustration of a system of multicast beamforming for multiresolution broadcast with two users.

NOMA for multiresolution multicast services with a two-stage
beamforming method. The proposed two-stage beamforming
method is considered for the same setup as in [14]. However,
as each user in a group has a different dedicated beam, the
proposed two-stage beamforming method can result in a better
performance than that of the approach in [14] where no joint
beam optimization problem is considered (only a beam is used
to a group of users to suppress inter-group interference).
The rest of the paper is organized as follows. In Section II,
we present a system model for multicast beamforming with
SC and formulate an optimization problem to minimize the
total transmission power for given target rates. To solve the
optimization problem, an iterative algorithm is proposed in
Section III. We apply the proposed multicast beamforming with
SC to NOMA systems as a two-stage beamforming method in
Section IV. Simulation results are presented in Section V and
the paper is concluded with some remarks in Section VI.
Notation: Matrices and vectors are denoted by upper- and
lower-case boldface letters, respectively. The superscripts T and
H denote the transpose and Hermitian transpose, respectively.
E[·] denotes the statistical expectation. CN(a, R) represents the
distribution of circularly-symmetric complex Gaussian (CSCG)
random vectors with mean vector a and covariance matrix R.
II. S YSTEM M ODEL AND P ROBLEM F ORMULATION
In this section, we present a system model for multicast
beamforming with SC, formulate an optimization problem for
optimal beamforming, and explain relations to existing multicast beamforming approaches.
A. Multicast Beamforming With SC
We consider downlink transmissions from a BS to two users
per channel as illustrated in Fig. 1. The BS is equipped with an
antenna array of L elements for downlink transmissions. One
user is close to the BS, denoted by user n (i.e., near user),
and the other user is not, denoted by user f (this user would
be a far user or cell-edge user). Each user has a single receive
antenna. Let sHP and sLP represent the signals of high-priority
(HP) and low-priority (LP), respectively, as in multiresolution
digital video broadcasting (DVB) services [4]. The HP and LP
signals are transmitted using multicast beamforming with SC.
It is assumed that user n can decode both the HP and LP data
streams, while user f can only decode the HP data stream.
Let w and v denote the beamforming vectors for signals sLP
and sHP , respectively. Then, using SC, the signal vector to be

Let h and g denote the channel vectors of size L × 1 from
the BS to user n and user f (in general, it is expected that
h2  g2 ), respectively, which are assumed to be available
at the BS for beamforming and power allocation. Throughout
the paper, frequency-flat block fading channels are assumed.
The channel vectors remain unchanged over the duration of a
codeword transmission. Then, the received signals at the two
users are
rn = hH z + nn = hH (wsLP + vsHP ) + nn ;
rf = gH z + nf = gH (wsLP + vsHP ) + nf ,

(1)

where ri and ni represents the received signal and noise at
user i, i ∈ {n, f}, respectively. We assume that E[|s j |2 ] = 1,
j ∈ {LP, HP}, and ni ∼ CN(0, σ2i ), i ∈ {n, f}, is independent.
B. Problem Formulation
Denote by ζHP and ζLP the signal-to-interference-plus-noise
ratio (SINR) to decode sHP , and the signal-to-noise ratio (SNR)
to decode sLP after removing sHP using SIC (provided that
decoding of sHP is successful), respectively, at user n. Then,
we have
ζHP =

|hH v|2
;
|hH w|2 + σ2n

ζLP =

|hH w|2
.
σ2n

(2)

In general, it is expected that the signal power of sHP (i.e., v2 )
is stronger than that of sLP (i.e., w2 ) so that the decoding of
sHP can be successful and SIC becomes possible to decode sLP .
At user f, sLP is considered as an interferer and it may not be
decodable as the signal strength is weak. In this case, the SINR
to decode sHP is given by
γHP =

|gH v|2
|gH w|2 + σ2f

.

(3)

Denote by RLP and RHP the rates of LP and HP, respectively.
If capacity-achieving codes are employed for encoding sHP and
sLP , the rate can be given by C(x) = log2 (1 + x), where x
denotes the SINR or SNR. For convenience, let
Γ j = 2R j − 1,

j ∈ {LP, HP}.

Since the HP data stream, sHP , has to be decodable at user f and
user n, RHP is upper-bounded as
RHP ≤ min {C(γHP ),C(ζHP )} ,

(4)

which results in the SINR constraint for sHP , min{γHP ,
ζHP } ≥ ΓHP . In particular, ζHP ≥ ΓHP is necessary at user n
so that sHP is decodable and canceled for SIC in decoding sLP .
Since γHP ≥ ΓHP is required at user f, we have the constraint
in (4). For successful decoding of sLP after SIC at user n, we
also need ζLP ≥ ΓLP . Consequently, for given {R j } or {Γ j },
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j ∈ {LP, HP}, an optimal multicast beamforming with SC problem to minimize the total power for multiresolution broadcast
can be formulated as follows:

subject to

min w2 + v2

ζLP

≥ ΓLP ;

min{γHP , ζHP } ≥ ΓHP .

(5)

The resulting beamforming is referred to as the minimum power
multicast beamforming with SC.
Note that the total rate to user n is RLP +RHP , while the rate to
user f is RHP (thus, the sum rate becomes RLP + 2RHP ). If SC is
not used, multiuser downlink beamforming [15] can be used,
which leads to the following minimum power beamforming
problem:

formed for each multicast group. The problem in (5) can be reformulated with two multicast groups if user n can belong to
both multicast groups and user f belongs to only one multicast
group. However, since the approach in [10] allows only disjoint
multicast groups, the derived approach in this work cannot be
applied to (5). Note that no beam optimization problems are
considered in [14], although SC is employed with multicast
beamforming.
Consequently, the problem in (5) in Section II-B differs
from existing multicast beamforming and there are no existing
approaches to solve this problem yet. Note that it would be
desirable to support more than two users for a better spectral
efficiency. This problem would be studied in the future as a
further research topic.
III. I TERATIVE A LGORITHM FOR M ULTICAST
B EAMFORMING W ITH SC

min w2 + v2

subject to

⎧
2
|hH w|
⎪
⎪
⎨ |hH v|2 +σ2

≥ ΓHP+LP = 2RLP +RHP − 1;

⎪
⎪
⎩

≥ ΓHP = 2RHP − 1.

n

2
|gH v|
2

|gH w| +σ2f

793

(6)

However, this approach will result in a higher total transmission
power than the multicast beamforming with SC in (5).
In this paper, as shown in (5), we only consider the total
power minimization problem with SNR/SINR constraints (as
quality of service (QoS) constraints). There could be different
problem formulations. For example, the sum rate maximization
with power constraints can also be considered, which may be
studied as a further research issue in the future.
C. Relation to Existing Multicast Beamforming Methods
There are closely related works to multicast beamforming
with SC in discussed Section II-A. In [9], multicast beamforming is studied to transmit a single data stream to multiple
receivers without SC. That is, a single signal is to be transmitted
from the BS to multiple receivers using a beamforming vector
that is designed to guarantee a certain SNR at all receivers.
The optimal beamforming problem for this multicast beamforming is NP-hard problem and much more difficult than
conventional multiuser beamforming problem where each user
is to receive a dedicated signal from a BS [9]. The problem in
Section II-B reduces to the multicast beamforming problem
with two receivers if there is no LP transmission (i.e., sLP = 0
or w = 0). In this case, we have
min v2


2
2
|hH v| |gH v|
≥ ΓLP .
subject to min
,
σ2n
σ2f
Clearly, this problem differs from the problem in (5) in
Section II-B due to the presence of the SINR constraint (i.e.,
min{ζHP , γHP } ≥ ΓHP ) and LP transmissions. Furthermore, the
tools derived in [9] cannot be applied to solve (5).
In [10], a generalization of multicast beamforming is studied
with multiple multicast groups. Multiple users are divided
into multiple multicast groups, and a dedicated beam is to be

In this section, we focus on (5). Since a closed-form expression for the solution to (5) cannot be found, we consider an
iterative algorithm based on a derived closed-form expression
for the optimal transmission powers for given beamforming
vectors, w and v. Unfortunately, since the cost function is highly
nonlinear and not convex, it is not guaranteed that the iterative
algorithm for joint power and beamforming can converge to
optimal solutions.
A. Optimal Power Allocation
Let
w=

Pw w̄ and

v=

Pv v̄,

where Pw = w2 and Pv = v2 are the transmission powers
for sLP and sHP , respectively, and w̄ and v̄ are normalized
beamforming vectors (i.e., w̄ = v̄ = 1). For convenience,
define
2

τ1,2 = |hH v̄| ;

2

τ2,2 = |gH v̄| .

τ1,1 = |hH w̄| ,
τ2,1 = |gH w̄| ,

2

2

Then, for given τ p,q ’s (or w̄1 and v̄1 ), the problem in (5) is to
minimize the total power as follows:
minPw ,Pv ≥0 Pw + Pv
⎧
2
⎪
⎨ Pw τ1,1 ≥ ΓLP σn ;
subject to Pv τ1,2 ≥ ΓHP Pw τ1,1 + σ2n ;
⎪
⎩
Pv τ2,2 ≥ ΓHP Pw τ2,1 + σ2f .

(7)

The problem in (7) is a linear programming, which can be
rewritten as given by
minPw ,Pv ≥0 Pw + Pv
⎤
0   ⎡ ΓLP σ2n ⎤
τ1,1
2
⎥ Pw
⎢
subject to ⎣ −ΓHP τ1,1 τ1,2 ⎦
≥ ⎣ ΓHP σn ⎦ .
Pv
ΓHP σ2f
−ΓHP τ2,1 τ2,2
⎡

(8)
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Lemma 1: For given τ p,q (or normalized beamforming vectors, w̄ and v̄), the solution to the problem in (8) is

)ΓHP σn
and
that Pv∗ (w̄, v̄) is a pointwise maximum of (1+ΓLP
τ1,2





ΓLP σ2n τ2,1
1
+ σ2f
ΓHP
τ1,1
τ2,2 . If both the two functions are
∗
convex, Pv (w̄, v̄) is convex. However, the second one is not

ΓLP σ2n
;
(9)
τ1,1
⎧

⎫
2
⎪
⎨ (1 + Γ )Γ σ2 ΓHP ΓLPτσn τ2,1 + σ2f ⎪
⎬
1,1
LP HP n
. (10)
,
Pv∗ = max
⎪
⎪
τ1,2
τ2,2
⎩
⎭

Pw∗ =

Proof: From the first constraint in (8), it follows that
Pw ≥

ΓLP σ2n
.
τ1,1

Since we have
Pv ≥

1

τ

|g w̄|
convex as τ2,1
= |h
H w̄|2 is not a convex function of w̄. This
1,1
implies that the iterative algorithm in (13) and (14) may not
achieve a global2 minimum (in simulations, we use randomly
chosen initial beamforming vectors for v(0) and w(0) ).
We first consider (13), i.e., finding v̄ for given w̄. To this end,
we need the following result.
Lemma 2: For given a and b, we have3


a + κ̂b
2
2
,
(15)
û = arg max min |aH u| , |bH u| =
a + κ̂b
u2 =1
H

2

where κ̂ is defined in the following proof.
Proof: The problem in (15) can be reformulated as

Pw ΓHP τ1,1 + ΓHP σ2n

τ1,2

2

from the second constraint, the minimum of Pw + Pv can be
2
)ΓHP σ2n
achieved if Pw = ΓτLP1,1σn and Pv = (1+ΓLP
. With the third
τ1,2
constraint, we can also find the solution, which results in (9)
and (10). This completes the proof.

It can be shown that the total power, Pw∗ + Pv∗ , becomes a
quadratic function of Γ if Γ = ΓHP = ΓLP from (9) and (10).
This indicates that the total transmission can grow quadratically
with the target SINR, Γ, if Γ is sufficiently high.

û =

2

u2 =1,|aH u| =|bH u|

t1 a2 − e jφ ψ∗ = t2 e jφ b2 − ψ ,
where ψ = aH b and φ ∈ [0, 2π) is a phase to be decided. Define
κ(φ) =

{w̄∗ , v̄∗ } = arg min D(w̄, v̄),

(11)

(16)

2

Let us consider a linear combination of a and b as x = t1 a +t2 b,
where t1 and t2 are decided to satisfy |aH x|2 = |bH x|2 . Then, t1
and t2 are related as follows:

B. Iterative Beamforming
From Lemma 1, we are able to find a closed-form expression
for the minimum total transmission power for given normalized
beamforming vectors. From this, the joint beamforming optimization problem can be formulated as

2

|aH u| .

arg max

a2 − e jφ ψ∗
.
e jφ b2 − ψ

Then, κ(φ) = tt21 . Letting t1 = 1, the maximization of |aH x|2 with
respect to φ is given by
2

2
φ̂ = arg max |aH x| = arg max a2 + ψκ(φ) .
φ

w̄=1,v̄=1

φ

It follows that

where
D(w̄, v̄) = Pw∗ (w̄) + Pv∗ (w̄, v̄).

2

ũ = arg maxu |aH u|
⎧
⎨ u2 = 1;
subject to |aH u|2 = |bH u|2 ;
⎩
u ∈ Span(a, b).

(12)

Here, since Pw∗ in (9) is a function of τ1,1 , which means that
it is a function of w̄, it is denoted by Pw∗ (w̄). Similarly, since
Pv∗ in (10) is a function of w̄ and v̄, it is denoted by Pv∗ (w̄, v̄).
Unfortunately, it is not easy to find the solution to (11) since
D(w̄, v̄) is highly nonlinear in terms of w̄ and v̄. Thus, we
may consider the following iterative algorithm based on the
nonlinear Gauss-Seidel (GS) algorithm [16]:


(13)
v̄(t) = arg min D w̄(t−1) , v̄ ;

Then, we can see that ũ is the solution to the problem in (15)
with the additional constraint that u ∈ Span(a, b). The solution
is given by
a + κ(φ̂)b
,
ũ = 
a + κ(φ̂)b

v̄=1



w̄(t) = arg min D w̄, v̄(t) ,

(14)

(17)

(18)

Let κ̂ = κ(φ̂).

w̄=1

where w̄(t) and v̄(t) denote w̄ and v̄ at the tth iteration.
The convergence of the nonlinear GS algorithm depends on
the convexity of D(w, v) [16]. Unfortunately, D(w, v) is not
convex as Pv∗ (w̄, v̄) is not a convex function of w̄. Note

2 Although it is not guaranteed that the GS algorithm can achieve a global
minimum, we have found that it works well from simulations. In particular,
with different random initial vectors of w̄ and v̄, the GS algorithm provides the
same solution in most cases (but not always).
3 Note that e jθ û, θ ∈ [0, 2π), is also a solution. For convenience, we assume
that the phase of the first element of u is the same as that of a.
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We now show that ũ is the optimal solution even if the
constraint u ∈ Span(a, b) is removed, i.e., ũ is the solution to
the problem in (16). With a vector e = 0 that is orthogonal
to Span(a, b), consider ue = ũ + e. This vector satisfies the
constraint |aH ue |2 = |bH ue |2 . Let ūe = uuee  . Then, it can be
shown that
2

|aH ūe | =

2

2

|aH ue |
|aH ũ|
2
=
≤ |aH ũ| ,
2
ue 
ũ2 + e2

v̄2 =1

v̄2 =1


= arg max min
v̄2 =1

2

|hH v̄|
,
(1 + ΓLP )ΓHP σ2n

ΓHP



2
|gH v̄|
ΓLP σ2n τ2,1
τ1,1

+ σ2f



,

(19)

where τ1,1 = |hH w̄(t−1) |2 and τ2,1 = |gH w̄(t−1) |2 . Thus, letting
a=

1
(1 + ΓLP )ΓHP σ2n

h;

b= 



ΓHP

1
ΓLP σ2n τ2,1
τ1,1

 g,
+ σ2f

v̄(t) in (13) can be found from Lemma 2.
We now move on to (14). For given τ2,2 or v̄, we can consider
the optimal beamforming for w̄ to minimize D(w̄, v̄) as follows:
min J(w̄),

(20)

w̄2 =1

where


τ2,1
ΓLP σ2n
+ max T4 , K4
.
J(w̄) =
τ1,1
τ1,1
Here, we have
T4 =

(1 + ΓLP )ΓHP σ2n ΓHP σ2f
−
;
τ1,2
τ2,2
ΓHP σ2f
τ2,2

K4 =

ΓHP ΓLP σ2n
.
τ2,2

Note that D(w̄, v̄) = J(w̄) +
for a fixed v̄.
Define the following disjoint sets:
 

 |gH w|2
T4

>
;
WI = w 
 |hH w|2
K4

 
 |gH w|2
T4

;
<
WII = w 
 |hH w|2
K4
 

 |gH w|2
T4

=
.
WIII = w 
 |hH w|2
K4

min J(w̄) = min {JI (w̄), JII (w̄), JIII (w̄)} ,

w̄2 =1

(21)

where
min

w̄2 =1,w̄∈W p

J(w̄), p ∈ {I, II, III}.

The first problem is equivalent to the following problem:
2

ΓLP σ2n
|gH w̄|
+
K
.
4
H 2
w̄∈WI ,w̄2 =1 |h w̄|
|hH w̄|2
min

(22)

This problem can be solved using the maximum SNR (MSNR)
beamforming approach [17] if the constraint that w̄ ∈ WI is not
taken into account, which is given by
w̄I = arg max

⎫
⎬
⎭

Note that WI ∪ WII ∪ WIII = CL . Then, we can decompose the
optimization problem in (20) into three problems as follows:

Jp (w̄) =

which implies that ũ is the solution to the problem in (15). 
According to Lemma 2, for given w̄(t−1) , we can find v̄(t) in
(13). From (10) and (12), we have




v̄(t) = arg min D w̄(t−1) , v̄ = arg min Pv∗ w̄(t−1) , v̄

795

w̄H hhH w̄

H
2
H
w̄2 =1 w̄ (ΓLP σn I + K4 gg ) w̄
−1
h,
= κ4 ΓLP σ2n I + K4 ggH

(23)

where κ4 is a normalization factor. If w̄I ∈ WI , this is the
solution to the first problem. Otherwise, there is no solution
(i.e., JI (w̄) = ∞).
The second problem is equivalent to the following problem:
min

w̄∈WII ,w̄2 =1

ΓLP σ2n
|hH w̄|2

.

(24)

Without the constraint that w̄ ∈ WII , the solution becomes
w̄II = hh̄ . If this solution lies in WII , this is the solution to
the second problem. Otherwise, there is no solution.
The third problem is equivalent to the following problem:
2

w̄III =arg max |hH w̄|
2
2
|hH w̄| = KT44 |gH w̄| ;
(25)
subject to
w̄2 = 1.

Letting a = h and b = KT44 g, the third problem can be found
using Lemma 2. Since this solution always exists and is finite,
the existence of the solution to the problem in (21) is guaranteed. Finally, using (21), we can perform (14).
IV. A PPLICATION TO NOMA S YSTEMS
Most NOMA systems in [13], [14], [18], [19] are to support
two users per channel using SC. For a pair of users of strong and
weak channel gains, the user of strong channel gain can decode
his/her desired signals (i.e., signals of LP) as well as the signals
to the user of weak channel gain (i.e., signals of HP). Thus,
NOMA is well-suited to multiresolution broadcast services,
and it is possible to employ an existing NOMA approach with
single-beam per pair of users, e.g., [14] for multiresolution
broadcast services. In this section, we apply the proposed
minimum power multicast beamforming with SC to NOMA
systems for multiresolution broadcast and compare it with the
approach in [14].
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In addition, we assume BH
k Bk = I for normalization purposes.
It is easy to see that
Δ

Mk ≥ M = min{M1 , . . . , MK } ≥ L − 2(K − 1),
k

where M is referred to as the effective number of antennas
for multicast beamforming with SC. Throughout the paper, we
assume that M ≥ 2. Using the singular value decomposition
(SVD) of H−k , Bk can be found. Let
H−k = Ūk Σ̄k V̄H
k,

Fig. 2. An illustration of an NOMA system to support 2K users with beamforming and SC.

where Ūk is an L × L unitary matrix, Σ̄k is an L × 2(K − 1)
diagonal matrix, and V̄k is a 2(K −1)×2(K −1) unitary matrix.
Then, the column vectors of Bk are the left-singular vectors (the
column vectors of Ūk ) that correspond to zero singular values.
Using the multicast beamforming with SC, the signal to be
transmitted by the BS is given by

A. Two-Stage Beamforming for NOMA

K

For convenience, assume that there are K near users and
K far users. There are K groups (clusters) of users and each
group consists of one near user and one far user. A BS is to
transmit 2K signals using SC and beamforming. An illustration
of the NOMA system is shown in Fig. 2. We consider two-stage
beamforming. To avoid the interference to the other groups,
zero-forcing (ZF) beamforming is employed first. Within a
group, the minimum power multicast beamforming with SC
in the previous sections is considered. Certainly, the two-stage
beamforming approach is suboptimal, but tractable, as we do
not consider any overall optimization problem to find beamforming vectors with SC. For optimal beamforming with SC
for NOMA systems of multiple users, we need further research
by possibly generalizing the approaches in [9], [10] with SC.
Denote by hk and g j the channel vectors to the kth near
and the jth far users, respectively. Furthermore, denote by
sn,k and sf, j the signals to the kth near and the jth far users,
respectively. Suppose that in the kth group, the channel vectors
are {hk , g j(k) }, where j(k) denotes the index for the far user who
is paired with the kth near user. Note that { j(1), . . . , j(K)} =
{1, . . . , K}. Using a certain user allocation or pairing algorithm
[14], [20], we can find all the paired users, {(1, j(1)), . . . ,
(K, j(K))}. In NOMA systems, different signals (not broadcast
signals) are to be transmitted to near and far users. Thus, RLP =
Rn (not RLP + RHP ) becomes the data rate to a near user and
RHP = Rf becomes the data rate to a far user. Furthermore, all
the near (far) users have the same data rate, Rn (Rf , resp.) for
convenience.
Let Hk = [hk g j(k) ]. In addition, define
H−k = [H1 . . . Hk−1 Hk+1 . . . HK ].

∑ Bk

wk sn,k + v j(k) sf, j(k) .

(26)

(27)

k=1

Denote by rn,k and rf, j(k) the received signals at the near and far
users in the kth cluster, respectively. Then, we have
rn,k = hH
k x + nn,k
= hH
k Bk wk sn,k + v j(k) sf, j(k) + nn,k ;
rf, j(k) = gHj(k) x + nf, j(k)
= gHj(k) Bk wk sn,k + v j(k) sf, j(k) + nf, j(k) ,

(28)

where nn,k ∼ CN(0, σ2n,k ) and nf, j(k) ∼ CN(0, σ2f, j(k) ) are the
background noise terms at the near and far users, respectively.
Then, the minimum power multicast beamforming problem
for the kth group can be considered as in (5) with the composite
channel vectors that are given by
!
H
{h, g} = BH
k hk , Bk g j(k)
and the target rates Rn (= RLP ) and Rf (= RHP ) for the near and
far users, respectively. Note that if the users in a cluster are to
receive broadcast signals (or receive high resolution signals as
in multicast beamforming with SC), the near user can have a
data rate of Rn + Rf = RLP + RHP .
In this proposed two-stage beamforming with SC for NOMA
systems, the user pairing is important to reduce the total transmission power. Let Pw (k) and Pv ( j(k)) denote the transmission
powers to the near and far users in group k, respectively, that are
found from (9) and (10) with optimal multicast beamforming
vectors. Then, an optimal user pairing problem can be given by
{ j∗ (1), . . . , j∗ (K)} = arg min Pw (k)+Pv ( j(k)) .

Thus, the size of H−k is L × 2(K − 1). We assume that L is
sufficiently large in NOMA systems such that L ≥ 2K. To avoid
the interference to the other groups, we consider an L × Mk
matrix, Bk , where Mk = L − rank(H−k ), such that
Bk ⊥ H−k .

x=

(29)

{ j(1),..., j(K)}

If an exhaustive search is used to solve (29), the complexity is
proportional to K!. To avoid a high computational complexity,
a greedy algorithm can be used.
To derive a low-complexity user pairing method, we can also
replace the cost function Pw (k) + Pv ( j(k)) with another cost
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function that can be found with a much lower complexity, since
the complexity to find multicast beamforming vectors can be
high for each pair of hk and g j(k) . To this end, we can consider
the correlation of paired channel vectors, hk and g j(k) . As an
extreme case, suppose that the channel vectors in each group,
hk and g j(k) , are perfectly correlated, i.e., hk ∝ g j(k) . Then,
since the rank of H−k is K − 1, the number of column vectors
of Bk becomes Mk = L − (K − 1) that is greater than K −
2(K − 1). Thus, the effective number of antennas for multicast
beamforming with SC can be higher, which can provide a better
performance of multicast beamforming with SC. Based on this
observation, we consider the correlation of hk and g j(k) as a cost
function. Consequently, the proposed greedy algorithm to find
the index for the far user in the kth group, j(k), can be given by
2

|hH
k g j|
,
2
2
j∈Kf (k−1) hk  g j 

j∗ (k) = arg max

k = 1, 2, → K,

(30)

where Kf (k) = Kf (k − 1) \ j∗ (k) and Kf (0) = {1, . . . , K}. The
complexity of this greedy algorithm is O(∑Kk=1 k) = O(K 2 ).
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assumption, γn,k in (31) does not have interference terms. This
assumption is valid if
 H 2
h ck  (1 − αk )Pk
≥ 2Rf − 1.
(32)
γ̄f,k =  k 2
hH ck  αk Pk + σ2
k

n, j(k)

In general it is expected that γ̄f,k > γf,k , because γ̄f,k does not
have the inter-group interference. Thus, if Rf < log2 (1 + γf,k )
and hk and g j(k) are highly correlated, the inequality in (32)
could be satisfied and SIC can be successfully carried out at the
near user in SBPG.
In SBPG, if a near user needs a data rate comparable to that
of the far user in the same user group, αk has to be sufficiently
close to 0 so that the SINR γf,k is close to the SNR γn,k . This can
result in a low total rate or a low spectral efficiency for this user
group. We will discuss this problem and compare the performances of the proposed two-stage beamforming approach and
the SBPG approach in [14] in Section V with simulation results.
V. S IMULATION R ESULTS

B. An Existing Approach With Beamforming for NOMA

A. Multicast Beamforming for Multiresolution Broadcast

For comparison purposes, we can briefly present the beamforming approach for NOMA systems in [14]. In this approach,
a single beam is shared by two users in a group, which is denoted by ck for the kth user group. This is the ZF beamforming
vector for the near user. That is,

For simulations, we assume that h and g are independent and
h ∼ CN(0, L1 I) and g ∼ CN(0, d η1L I), where d is the relative
distance between the BS and user f (provided that the distance
between the BS and user n is normalized) and η is the path
loss exponent. Throughout simulations, η is set to 2, d ≥ 1,
and RHP = RLP for convenience. Furthermore, we assume that
σ2f = σ2n = 1.
Fig. 3(a) shows the relationship between the sum rate
(2RHP + RLP ) and the total transmission power with L = 5 and
d = 2, which confirms that the multicast beamforming with SC
has a higher spectral efficiency than the conventional multiuser
beamforming in (6). Note that the sum rate is 3RHP as it is
assumed that RHP = RLP . In Fig. 3(b), we show the average
number of iterations of the iterative algorithm to find beams
in Section III when initial vectors are randomly chosen. It is
shown that the number of iterations of the iterative algorithm in
(13) and (14) is not large (at most 3 iterations) and the number
of iterations slowly increases with the transmission power. Note
that the number of iterations.
The impact of the relative distance, d, on the total transmission power is shown in Fig. 4 when L = 5 and RHP = RLP = 3.
It is shown that the proposed multicast beamforming with SC
can provide about 2 dB transmission power gain compared with
the conventional multiuser beamforming in (6) when d = 2,
while the power gain gap decreases as d decreases. This gain
results from SC. Since the distance between user n and BS is
fixed and the SNR is independent of the signal power of HP
transmissions (see (2)), the signal power of LP transmissions,
which is decodable only by user n, may not change (provided
that signals of HP are decodable and can be removed) in the
proposed multicast beamforming with SC. Thus, the increase
of the total transmission power when d increases mainly results
from the increase of signal power of HP transmissions for user f.
On the other hand, in the conventional multiuser beamforming,
the signal power to user n also increases when that to user f

[c1 . . . cK ] = [h1 . . . hK ]H

†

,

where † denotes the pseudo-inverse. Thus, for convenience, this
approach is referred to as the single beam per group (SBPG)
approach in this paper. In SBPG, SC is also considered, and the
transmitted signal is given by
K

x=

∑ ck



αk Pk sn,k +


(1 − αk )Pk sf,k ,

k=1

where αk is the parameter that decide the power ratio between
the near and far users within a user group and Pk is the nominal
transmission power. Note that the actual transmission power to
user group k is ck 2 Pk . Due to the ZF beamforming, the near
users do not suffer from the interferences from the signals to
the other user groups. However, the far users suffer from the
interference. The resulting SNR/SINR can be given by
 H 2
h ck  αk Pk
;
γn,k = k 2
σn,k

2
 H

g j(k) ck  (1 − αk )Pk
, (31)
γf,k = 
2

2
 H



g j(k) ck  αk Pk + ∑q=k gHj(k) cq  Pq + σ2f, j(k)
where γn,k and γf,k are the SNR for the near user and SINR for
the far user in group k, respectively. Note that it is assumed
that SIC is used to cancel the signal to the far user at the near
user and this SIC is always successful in [14]. Based on this
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Fig. 5.

Sum rate versus L with d = 2 and RHP = RLP = 3.

powers decrease with L in both the multicast beamforming
with SC and the conventional multiuser beamforming, while the
multicast beamforming with SC has a lower total transmission
power than that without SC. It is also shown that the transmission power decreases rapidly with L when L ≤ 10, while
the increase of L does not result in a significant decrease of
the transmission power when L > 10. With a sufficiently large
L, the impact of the interference on the performance can be
insignificant. As a result, the performance mainly depends on
the noise variance and average channel gains in this case. That
is, the performance may not be improved further by increasing
L once L is sufficiently large as shown in Fig. 5.
B. Two-Stage Beamforming for NOMA
Fig. 3. Sum rate and average number of iterations (L = 5 and d = 2): (a) Sum
rate versus total transmission power; (b) Average number of iterations for the
iterative algorithm to find beams in Section III.

Fig. 4. Sum rate versus the relative distance, d, with L = 5 and RHP = RLP = 3.

increases due to the interference (see Eq. (6)). From this, we
can see that the power gap increases with d.
Fig. 5 shows the impact of L on the total transmission
power when d = 2 and RHP = RLP = 3. As L increases, better
beamforming results are expected. Thus, the total transmission

In this subsection, we present simulation results of the proposed two-stage beamforming method for NOMA systems.
The channel vectors are independent and generated as hk ∼
CN(0, L1 I) and gk ∼ CN(0, d η1L I). We also assume that σ2f,k =
σ2n,k = 1 for all k, d = 2, and η = 2 in this subsection.
To compare with the SBPG approach in [14], simulations are
carried out with different target rates (for the proposed approach
in this paper) or transmission powers (for the SBPG approach)
with K = 5 pairs of users when L = 20. The SBPG approach
uses the ZF beamforming and there are K = 5 beams (they
are orthogonal between 5 near users). The results are shown
in Fig. 6. For the SBPG approach in [14], we assume Pk = P
(i.e., equal total transmission power to all user groups) and
αk = α ∈ (0, 1) for all k with two different values of α, 0.5
and 0.01 for power allocation. As α decreases (or approaches
0), we can see that the more transmission power is allocated
to far users from (31). From Fig. 6, it seems that the rates to
near and far users become comparable with α = 0.01, while the
rate to near users becomes much higher than that to far users
if α = 0.5. It is noteworthy that an exhaustive search is used
for the SBPG approach to find the best pairs that can achieve
the maximum sum rate for a given total transmission power per
group.
For the proposed two-stage beamforming approach, we assume Rf = Rn . Based on simulation results, the proposed approach can perform much better than the SBPG approach in
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Fig. 6.

Rate per user and total transmission powers with L = 20 and K = 5.
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Fig. 8. Total transmission power versus K with L = 20 and Rf = Rn = 2.

as more users are to be supported. An interesting observation
is that as K approaches L/2, the total transmission power can
increase significantly due to the lack of degrees of freedom
(when K = 10, M becomes 2). In Fig. 8, the optimal user
pairing is considered up to K = 5 as its complexity becomes
prohibitively high as K increases although it can provide a
better performance than the greedy algorithm.
VI. C ONCLUDING R EMARKS

Fig. 7.

Total transmission power versus L with K = 5 and Rf = Rn = 2.

[14] if the rates to near and far users are to be comparable.
For example, with α = 0.01, the rates to near and far users are
identical (where the rate per user is about 0.5 bps/Hz) when the
total transmission power is about 24.2 dB. At the same total
transmission power, the proposed approach can provide a rate
per user of about 2.2 bps/Hz, which is about 4 times higher
than that of the SBPG approach. Since the proposed approach
has two separate beams to near and far users with joint power
allocation, it can outperform the SBPG approach when the rates
to near and far users are to be comparable.
To see the impact of L on the performance of the proposed
two-stage beamforming approach, simulations are carried out
with various values of L with K = 5 and Rf = Rn = 2 and the results are shown in Fig. 7. As L increases, the total transmission
power decreases, which indicates that narrow beams are also
desirable to save the transmission power in NOMA systems.
It is noteworthy that the optimal user pairing and greedy
methods are used for the proposed approach and their performances are shown in Figs. 6 and 7. The performance difference
is negligible as shown in Fig. 6, and becomes smaller as L
increases as shown in Fig. 7.
Finally, the total transmission power is shown for various
values of K for a fixed L in Fig. 8 with L = 20 and Rf = Rn = 2.
We can see that the total transmission power increases with K

Multicast beamforming with SC was considered for multiresolution broadcast with two users (one is close to the BS and the
other is not). To find beamforming vectors, we formulated a
minimum power beamforming problem with SC when the target rates (or SNR/SINR) are given. It was shown that the power
optimization problem becomes a linear programming for given
normalized beamforming vectors, which has a closed-form
expression. Using this closed-form expression and based on the
nonlinear GS algorithm, an iterative algorithm was derived to
find beamforming vectors. Unfortunately, it was not possible to
guarantee that this iterative algorithm converges to the optimal
solution. Simulation results showed that the proposed multicast
beamforming with SC has a lower total transmission power than
that of the conventional multiuser beamforming without SC.
Furthermore, the proposed multicast beamforming with SC was
applied to NOMA systems to support multiple (more than two)
users with different data streams as a two-stage beamforming
method. It was shown that the proposed two-stage beamforming
method can perform better than an existing approach that also
uses beamforming with SC.
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