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Abstract—In this paper, we study a criterion for measurement
matrices to understand the performance of sparse signal recovery.
In particular, we consider the activity detection in compressive
random access and derive an approximate upper-bound on
the recovery error probability using pair-wise error probability
(PEP) when the maximum likelihood (ML) detection is employed.
From the approximate upper-bound, we obtain a performance
criterion that can be used to choose a set of pilot or preamble
sequences. Based on the derived performance criterion, we can
show that the performance of Alltop sequences can be similar to
that of Zadoff-Chu sequences.
Index Terms—coherence, compressive sensing, performance
criteria

I. I NTRODUCTION
For the Internet of Things (IoT), there has been a growing
interest in machine-type communications (MTC) or machineto-machine (M2M) communications in order to support connections for a number of devices to a network. In [1]–[3],
MTC is studied within cellular systems. For MTC, random
access is usually considered due to low control and signaling
overhead [2], [4], [5]. In particular, a random access scheme,
called random access procedure, has been proposed for MTC
in the long term evolution-advanced (LTE-A) system [1].
In the random access procedure, devices that want to establish connections to an access point (AP) transmit randomly
chosen preambles from a pool of preambles simultaneously.
Thus, the AP needs to detect multiple preambles. Since only
a fraction of devices are active, instead of employing an
exhaustive search for multiple signal detection, it would be
efficient to exploit the notion of compressive sensing (CS)
[6]–[9] to derive low-complexity detection methods as in [10]–
[13]. In compressive random access, since the sparsity of
active devices is to be exploited for low-complexity multiple
signal detection, the determination of a set of pilot sequences
and a CS algorithm for sparse signal recovery are important
to provide a good performance for given conditions including
channels. In [14], [15], compressive random access is studied for joint activity detection and channel estimation over
frequency-selective fading channels.
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Since the notion of CS is applied to compressive random
access, CS theory helps to derive good compressive random
access schemes. In general, most CS theory focuses on the
conditions for recovery guarantee [9], [16], [17]. For example,
with the coherence of a given measurement matrix, conditions
for perfect recovery can be derived as in [18], [19]. On the
other hand, when recovery errors are inevitable due to various
reasons (including the presence of measurement errors or
background noise) in some applications such as compressive
random access, the probability of successful recovery would
be important and conditions for a low probability of successful
recovery might be desirable.
In this paper, we consider compressive random access where
CS algorithms can be used for activity detection (or detecting
active devices or users). Although it is generally expected to
have a small number of active devices, the number of active
devices can be greater than the maximum number of active
devices that a CS algorithm can detect as the number of active
devices is random. Thus, the performance criterion would be
based on the probability of successful recovery. In this case,
we argue that the coherence may not be a good criterion to
determine a set of pilot or preamble sequences for compressive
random access. To overcome this difficulty, we consider a
criterion based on the average error probability. With this
criterion, we expect that the performance of Alltop sequences
can be similar to that of Zadoff-Chu (ZC) sequences, which
are widely employed (e.g., for LTE-A in [1]).
Notation: Matrices and vectors are denoted by upper- and
lower-case boldface letters, respectively. The superscripts T
and H denote the transpose and complex conjugate, respectively. The p-norm of a vector a is denoted by ||a||p (If
p = 2, the norm is denoted by ||a|| without the subscript).
The superscript † denotes the pseudo-inverse. For a vector
a, diag(a) is the diagonal matrix with the diagonal elements
from a. For a matrix X (a vector a), [X]n ([a]n ) represents the
nth column (element, resp.). If n is a set of indices, [X]n is a
submatrix of X obtained by taking the corresponding columns.
E[·] and Var(·) denote the statistical expectation and variance,
respectively. CN (a, R) (N (a, R)) represents the distribution
of circularly symmetric complex Gaussian (CSCG) (resp.,
real-valued Gaussian) random vectors with mean vector a and
covariance matrix R.
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II. S YSTEM M ODEL
In this section, we consider a system model for a random
access scheme that is similar to [1] and discuss pilot design.
Suppose that there is a set of L pre-determined pilots,
denoted by {φ1 , . . . , φL }, where φl is assumed to be an N ×1
complex vector of unit norm (i.e., ||φl || = 1 for all l). In a cell,
there is an access point (AP) and K devices for MTC. The
AP can send a beacon signal so that active devices1 can send
pilot (or preamble) signals through a random access channel
in order to establish connections. As in [1], we assume that
an active device randomly chooses one of the L pilots and
transmits it within a pilot slot of N -symbol length. Throughout
the paper, we assume that L > N .
For convenience, let A denote the index set of active
devices. Then, the received signal sequence or vector during
the pilot slot becomes

y=
φl(k) hk dk + n,
(1)
k∈A

where l(k) is the pilot index that is chosen by device k, hk is
the (narrowband) channel coefficient from device k to the AP,
dk is the pilot amplitude from device k, and n ∼ CN (0, N0 I).
For convenience, we assume that
hk dk = A > 0, k ∈ A.

(2)

The determination of dk as in (2) at device k is possible if time
division duplexing (TDD) mode is assumed as the channel
to the AP is the same as that from the AP, which can be
estimated when the beacon signal from the AP is transmitted.
Note that if |hk | is small, active device k may not transmit a
pilot as the transmission power can be higher than a maximum
transmission power. This active device may try to access in a
next slot (i.e., this device becomes a back-logged device).
Let M = |A|. From (1), we can also have
y = Φs + n,

(3)

where Φ = [φ1 . . . φL ] ∈ CN ×L , which is called the
measurement matrix, and s ∈ ΣM is an M -sparse signal. Here,

ΣM = {x  ||x||0 ≤ M }.

If M is sufficiently small, it is possible to recover the sparse
signal s or the support of s using CS algorithms. The estimation of the support of s plays a key role in activity detection
in compressive random access, because the AP is able to find
the pilot sequences that are chosen by active devices from the
support of s.
It is noteworthy that the perfect estimation of s does not
imply the perfect activity detection due to the cases that some
active devices choose the same pilot in compressive random
access, which is called pilot collision. To avoid pilot collision,
a number of pilots or a large L is desirable. Unfortunately,
as L increases, the performance of most low-complexity
CS algorithms (e.g., the orthogonal matching pursuit (OMP)
algorithm) is degraded as shown in [15] for compressive
1 Active

devices are the devices that have data to send to the AP.

random access. Thus, it is important for compressive random
access to find a set of a number of pilots (i.e., a large L) that
can provide a good performance with a low-complexity CS
algorithm. In compressive random access, the throughput is a
key performance measure and the throughput depends on the
probability of successful recovery (for a large L).
III. P ILOT D ESIGN BASED ON C OHERENCE
Suppose that M is sufficiently small such that M � L and
M < N . Then, from [7], [9], [20], to find an approximate
solution to (3), we can have the following problem:
min ||y − Φs||2 + κ||s||1 ,
s

(4)

where κ > 0 is the Lagrange multiplier. Although (4) is a
convex problem, the complexity to solve this problem can
be still high. Thus, various suboptimal but low-complexity
approaches have been proposed to find approximate solutions
such as greedy algorithms [9, Chp. 8].
The performances of various CS algorithms are generally
decided by Φ. In compressive random access, we can find
a good set of pilot sequences or Φ under various criteria.
For example, the coherence of Φ can be used, which is the
maximum of the absolute values of the inner products of two
distinct columns of Φ, i.e.,
µ(Φ) = max |φH
l φm |.
l�=m

(5)

Compared to the restricted isometric constant (RIC) [6], [17],
the coherence is easy to find. Thus, the coherence can be used
a practical criterion to determine a set of pilots or Φ.
For a set of pilot sequences, ZC sequences can be considered
as in LTE-A system [1]. For example, when N is a prime
number, there are N − 1 ZC root sequences [21]. For each
ZC root sequence, we can have N sequences by circular
shifting. These sequences are orthogonal to each other, while
the correlation between root sequences is √1N . Thus, the
coherence of Φ consisting of ZC sequences is √1N . Note
that since there are N (N − 1) ZC sequences, L can be up
to N (N − 1).
We can also consider Alltop sequences [22], [23] with prime
N . The coherence is also √1N . Since there are N 2 possible
Alltop sequences, L can be up to N 2 . Therefore, a set of
Alltop sequences can also be a good choice in terms of the
coherence with a large number of pilot sequences.
As shown above, both sets of ZC sequences and Alltop
sequences could be good candidates to build a pool of pilot
sequences due to i) low coherence and ii) a number of available
sequences (or a large L).
IV. PEP A NALYSIS FOR A N EW C RITERION
In this section, we consider the maximum likelihood (ML)
approach to estimate s and derive an upper-bound on the error
probability using the pair-wise error probability (PEP). Based
on the PEP analysis, we propose a new criterion that can
be used to determine a set of pilots for compressive random
access.
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The ML estimation of the M -sparse signal vector s can be
given by
ŝml = argmax f (y|s) = argmin ||y − Φs||2 .
s∈ΣM

(6)

s∈ΣM

Although the ML approach is computationally prohibitive, we
can consider it2 to decide the measurement matrix Φ that can
provide a best performance in terms of the error probability.
Since a closed-form expression for the error probability may
not be easy to find,
 Lwe
 consider an upper-bound.
There are D = M
combinations of the index sets for the
support of s. Denote by Ii the ith index set and, for notational
convenience, let Φ(i) = ΦIi . Suppose that Ip is the correct
support of s. Then, from (3) and (6), the PEP that the AP can
erroneously decide Iq , q �= p, as the support of s from y using
the ML approach is given by
Pr(Φ(p) → Φ(q) ) = Pr(||y − Φ(p) x||2 > ||y − Φ(q) x||2 )

= Pr(||n||2 > ||(Φ(p) − Φ(q) )x + n||2 )


A
||Φ(p) − Φ(q) || ,
=Q √
2N

where x = 1A.
Let Dp,q = (Ip \ Iq ) ∪ (Iq \ Ip ). If p �= q, the number
of elements in Dp,q is an even number that is greater than or
equal to 2, i.e., |Dp,q | = 2m, where m is a positive integer.
Since the sparsity of s is M , m is upper-bounded by M , i.e.,
m ∈ {1 . . . , M }.
� ��
Lemma 1. Let µ̃l ,l = |�(φH
l φl )|, l , l ∈ {1, . . . , L}. If

µ̃l1 ,l2 ≤

m−1
,
m(2m − 1)

(7)

for all l1 ∈ Ip \ Iq and l2 ∈ Iq \ Ip , we have

||Φ(p) − Φ(q) || ≥ ||φl1 − φl2 ||2 .

(8)

Proof: See Appendix A.
According to Lemma 1, we can claim (8) when M is
sufficiently small and µ̃l1 ,l2 is also small. Then, we can have
the following approximation:


D
1 
A
Perr ≤
Q √
||Φ(p) − Φ(q) ||
D p=1
2N0
q�=p


L 

A
Q √ (1 − µl1 ,l2 ) .
(9)
≈C
N0
l =1 l >l
1

2

1

Unfortunately, the condition in (7) is not valid for a large m
and might be too restrictive. In order to show that (8) can be
true for most measurement matrices, we can consider random
sequences. In particular, suppose that the following random
sequences are used for φl ’s:
1
[φl ]n = √ ejθl,n ,
N

(10)

where θl,n ∈ [0, 2π) is i.i.d.
2 This is analogue to channel coding where the ML performance is considered to design good channel codes.

Lemma 2. Suppose that φl ’s are generated as (10). If
|Dp,q | = 2m, we have


||Φ(p) − Φ(q) ||2
2
≤ 1 − 2mt ≤ e−2N t , t ≥ 0. (11)
Pr
2m
Proof: See Appendix B.
The result in (11) shows that the probability that ||Φ(p) −
Φ(q) ||2 ≤ 2, p �= q, is low. Thus, the approximation in (9)
might be reasonable.
In (9), since µ(Φ) ≥ µ̃l1 ,l2 , any PEP in (9) can be upperbounded as


A
Pr(Φ(p) → Φ(q) ) ≤ Q √ (1 − µ(Φ)) .
(12)
N0
This implies that the minimum coherence can be a reasonable
criterion (as mentioned in Section III) to find a good measurement matrix for pilots in terms of the average error probability.
Thus, according the coherence, two Φ’s of the same coherence
may provide similar performances. Unfortunately, this is not
true as will be shown in Section V.
We now consider a different criterion without relying on the
coherence. From (9), using the Chernoff bound, we can have
Perr ≤ C

L 


2

e−β(1−µl1 ,l2 ) ,

(13)

l1 =1 l2 >l1

2

A
where β = 2N
and C is constant that does not depend on Φ
0
and β. For convenience, define Z as a discrete random variable
that has the following probability mass function (pmf):
2
Pr(Z = (1 − µl1 ,l2 )2 ) =
, l1 ∈ {1, . . . , L}, l2 > l1 ,
L(L − 1)
L 
2
−β(1−µl1 ,l2 )2
can be obtained by
Then, L(L−1)
l2 >l1 e
l1 =1
finding the following expectation:

E[e−βZ ] = e−β Z̄ E[e−β Z̃ ]


(β Z̃)2
≤e
E 1 − β Z̃ +
2


= e−β Z̄ 1 + β 2 E[Z̃ 2 ] ,
−β Z̄


(14)

where Z̄ = E[Z] and Z̃ = Z − Z̄. In (14), the inequality is
2
due to e−x ≤ 1 − x + x2! . Then, from (14), we can have the
following criterion for Φ:


UE (Φ, β) = e−βE[Z] 1 + β 2 Var(Z) .
(15)

For example, for given Φ� and Φ�� , at β, we can say that Φ�
is better than Φ�� if
UE (Φ� , β) < UE (Φ�� , β).

For convenience, the criterion based on (15) is referred to as
the PEP based criterion, while that based on the coherence is
referred to as the coherence based criterion.
Note that the criterion in (15) is based on the ML approach
to estimate s as in (6). Thus, if other suboptimal approaches
are employed, the criterion in (15) may not be useful. However, for a CS algorithm of near ML performance under certain

951

conditions, we may expect that the criterion in (15) can also
be valid to choose a good measurement matrix or a good set
of pilot sequences.
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Fig. 1. The performances of successful recovery of 4 different measurement
matrices for various values of M with (N, L) = (139, 278) and SNR =
14 dB.
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For simulations, we assume that N = 139 and L = 2N2 .
A
The signal-to-noise ratio (SNR) is defined as SNR = N
.
0
For performance comparisons, we consider Φ’s consisting of
Alltop and ZC sequences. For Φ consisting of ZC sequences,
since L = 2N , we only use two root sequences. Thus, the
resulting Φ, denoted by ΦZC , can be seen as a concatenation
of two N × N unitary matrices. With Alltop sequences,
we consider two different Φ’s. The first Φ is obtained by
randomly choosing Alltop sequences. This is called Alltop
based Φ with random columns and denoted by ΦA,1 . The
second Φ is obtained as the ZC based Φ. Thus, this Φ, denoted
by ΦA,2 , can also be seen as a concatenation of two N × N
unitary matrices. In addition, Φ whose elements are complex
1
random binary ([Φ]n,l ∈ { √2N
(±1±j)}) is considered, which
is denoted by ΦR .
In Table I, we show the values of the coherence and
UE (Φ, β) of the four different Φ’s when the SNR is set to
14 dB. It is shown that ΦR has the highest coherence and
the highest value of UE (Φ, β). From this, we can expect that
the performance of ΦR might be the worst. According to the
coherence, the performances of ΦA,1 and ΦA,2 may not be
too different. However, according to the PEP criterion (or
UE (Φ, β)), we may expect that ΦA,2 performs much better
than that of ΦA,1 , while the performances of ΦA,2 and ΦZC
are similar.
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TABLE I
T HE COHERENCE AND PEP BASED CRITERIA FOR DIFFERENT
MEASUREMENT MATRICES WITH (N, L) = (139, 278) WHEN SNR =
14 dB.
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Fig. 2. The performances of successful recovery of 4 different measurement
matrices for various values of SNR with (N, L) = (139, 278) and M = 24.

As a suboptimal CS approach, we consider the OMP algorithm for activity detection by recovering the sparse signal, s,
in (3). With 1000 runs for each3 Φ, successful recovery rates
are found. The results are shown in Fig. 1. As expected, ΦA,2
outperforms ΦA,1 although they have the same coherence.
This demonstrates that the criterion in (15) could be used to
choose the better measurement matrix among the measurement
matrices that have the same coherence.
Fig. 2 shows the successful recovery rates for various values
of SNR when (N, L) = (139, 278) and M = 24. We can also
confirm that ΦA,2 and ΦZC can perform better than the others
for a wide range of SNR.
3 For complex random binary Φ, we consider 100 different realizations of
Φ and for each realization, 10 runs are used to obtain the successful recovery
rate.

VI. C ONCLUSIONS

In this paper, we argued that the coherence may not be
effective as a criterion in determining the set of pilots for
compressive random access. To replace the coherence, we
proposed a criterion based on the probability of successful
recovery that can be used to choose a set of pilots. Based
on this criterion, we found that the performance of Alltop
sequences can be similar to that of ZC sequences, which are
adopted in LTE-A system. Simulation results confirmed this
as the successful recovery rate of compressive random access
with Alltop sequences is similar to that with ZC sequences for
a wide range of sparsity and SNR.
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A PPENDIX A
P ROOF OF L EMMA 1
Suppose that m = 1 or Dp,q = {l1 , l2 }. Then, we have
||Φ(p) − Φ(q) ||2 = ||φl1 − φl2 ||2



= ||φl1 ||2 + ||φl2 ||2 − 2� φH
φ
l1 l2 ,

which results in

2(1 − µ̃l1 ,l2 ) ≤ ||φl1 − φl2 ||2 = ||Φ(p) − Φ(q) ||2 ≤ 2. (16)
Now suppose that m = 2 or Ip \ Iq = {la(1) , la(2) } and
Iq \ Ip = {lb(1) , lb(2) }, where a(1) and a(2) are two distinct
indices and b(1) �= b(2) are also two distinct indices. In this
case, we have
||Φ(p) − Φ(q) ||2 = ||φla(1) + φla(2) − φlb(1) − φlb(2) ||2

H
= 4 − 2 �(φH
la(1) φla(2) ) + �(φlb(1) φlb(2) )

H
− �(φH
la(1) φlb(1) ) − �(φla(1) φlb(2) )

H
− �(φH
la(2) φlb(1) ) − �(φla(2) φlb(2) )

≥ 4 − 2 µ̃a(1),a(2) + µ̃b(1),b(2) + µ̃a(1),b(1)

+ µ̃a(1),b(2) + µ̃a(2),b(1) + µ̃a(2),b(2) .(17)

It follows that

||Φ(p) − Φ(q) ||2 ≥ 4 − 2

 
4
max µ̃,
2

where max µ̃ is the maximum of all possible µ̃l1 ,l2 ’s, l1 �= l2 .
Then, in order to satisfy the following inequality:
||φla(1) + φla(2) ||2 ≤ ||φla(1) + φla(2) − φlb(1) − φlb(2) ||2 ,
from (16) and (17), we can have the following condition:
 
4
2≤4−2
max µ̃.
2
From the above results, for any m
 ≥ 1, a sufficient condition
for (8), we can have 2 ≤ 2m − 2 2m
2 max µ̃ or
m−1
max µ̃ ≤ 2m =
2

m−1
, m = 1, . . . , M.
m(2m − 1)

(18)

From (18), we can find the condition in (7).
A PPENDIX B
P ROOF OF L EMMA 2
We only provide a sketch of the proof. Let
Xn = |[Φ(p) − Φ(q) ]n |2 .

(19)

From (10), if |Dp,q | = 2m, we have E[Xn ] = 2m
N . In
(2m)2
addition, we have Xn ≤ N w.p. 1. Thus, Xn is a bounded
N
random variable and ||Φ(p) − Φ(q) ||2 = n=1 Xn is a sum of
bounded independent random variables. From this, applying
Hoeffding’s inequality [24], we can readily obtain (11).
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