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Abstract—In this paper, we study the throughput of compressive random access for machine type communications (MTC) and
compare it with that of multi-channel ALOHA. In compressive
random access, the sparsity of active devices is exploited to
use compressive sensing (CS) based low-complexity multiuser
detection (MUD) when non-orthogonal spreading codes are used
to support a number of devices. For tractable analysis, we
consider a high signal-to-noise ratio (SNR) assumption with a
collision model as well as flat fading environments. Based on
the analysis, we can show that compressive random access is
promising (and performs better than multi-channel ALOHA) to
support a number of devices with a sufficiently low activity, which
might be suitable for MTC.
Index Terms—random access; compressive sensing; multichannel

I. I NTRODUCTION
In order to support a number of devices for the Internet of
Things (IoT), there has been a growing interest in machine
type communications (MTC). MTC is also an important issue
in 5th generation (5G) systems [1]. The applications of MTC
are diverse from health care to smart grid, where a huge
number of devices exist in the system, but only a few of
them are active at a particular timing instance. Therefore,
random access is suitable for MTC to accommodate a number
of devices with a low probability of activity [1]–[3].
In the long term evolution-advanced (LTE-A) system, a
random access scheme, called the random access (RACH)
procedure, has been proposed for MTC [4]. The RACH
procedure is a contention-based random access method, which
is similar to the slotted ALOHA protocol [5]. In the RACH
procedure, there are multiple preambles in a preamble pool,
and a device can select a preamble randomly from the pool
and transmit the selected one for access. Finally, it can be
connected if there is no collision, i.e., the same preamble is
not transmitted by any other devices. Since there are multiple
preambles, the RACH procedure can be seen as multi-channel
ALOHA [6].
Recently, the notion of compressive sensing (CS) [7]–[9] is
employed to exploit the sparsity of active devices for multiuser
detection (MUD) in random access [10]–[14]. Among many
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devices in a system for MTC, only a few of them attempt
to access the network by transmitting their preambles. The
sparse activity of devices, which can be modeled as a sparse
vector, allows the principle of CS to be effectively applied
to MUD with low complexity. Among existing compressive
random access1 schemes [11]–[14], there can be two different
approaches. In one group of approaches, each device has a
unique signature sequence that is used to distinguish its signal
from other signals from different devices [11], [12], [14].
The main drawback of this group of approaches is that the
number of devices is limited by the number of preambles.
Since the performance of CS-based MUD can be worse as
more preambles are used, the number of devices in this group
of approach would be limited, which is not desirable for MTC
in 5G where it is expected to support a number of devices (e.g.,
30,000 devices in a system [15]).
In the other group of approaches for compressive random
access, an active device can choose a preamble in a set of predetermined preambles (which is common to all devices) and
transmit it to connect to an access point (AP) [13], [16]. While
the approaches in the second group can support any number of
devices, they suffer from collision (as in the RACH procedure)
when multiple active devices choose the same preamble.
In this paper, we aim at understanding the throughput of
compressive random access and comparing it with that of
multi-channel ALOHA2 in order to see when compressive
random access is suitable for MTC For tractable analysis, we
assume flat-fading channels and a collision model throughout
the paper. From the analysis and simulation results, we can
confirm that compressive random access is promising and
compressive random access schemes that use a common pool
of preambles might be more suitable for MTC to support a
number of devices with sparse activity.
Notation: The superscripts T and H denote the transpose
and complex conjugate, respectively. The p-norm of a vector
a is denoted by ||a||p (If p = 2, the norm is denoted by ||a||
without the subscript). E[·] and Var(·) denote the statistical
1 This term is used in [13] to refer to a random access scheme that allows
a receiver to employ low-complexity CS algorithms for MUD.
2 To the best of our knowledge, there is no work yet where compressive
random access is compared with other well-known random access schemes
in terms of throughput.
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expectation and variance, respectively. CN (a, R) represents
the distribution of circularly symmetric complex Gaussian
(CSCG) random vectors with mean vector a and covariance
matrix R.
II. M ULTI -C HANNEL ALOHA
Suppose that there are K devices and one AP in a system (e.g., a single cell system). We assume that a given
channel is divided into N orthogonal channels for multichannel ALOHA to support connections for K devices of
sparse activity. To implement this, we may consider code
division multiple access (CDMA). For simplicity, we assume
that the bandwidth is sufficiently narrow so that the signals
transmitted from active devices experience flat fading. Let M
denote the number of active device at a time and assume that
each active device can randomly choose one of N orthogonal
spreading codes to transmit signals to the AP as a preamble.
The set of N orthogonal spreading codes of length N is
given by C = {c1 , . . . , cN }, where |cH
n cl | = δn,l . Here, δn,l
denotes the Kronecker delta. Denote by hk and sk the channel
coefficient and data symbol from device k, respectively. Then,
the received signal at the AP is given by
X
y=
cl(k) hk sk + n,
(1)
k2A

where A represents the index set of active devices, l(k)
denotes the index of the code that is chosen by device k, and
n ⇠ CN (0, N0 I) is the background noise. Clearly, |A| = M .
Thanks to the orthogonal codes in C, the AP can recover
signals without using MUD. The AP can use a set of N
correlators to detect multiple signals from active devices. At
the AP, the lth correlator output is given by
X
H
zl = cH
cH
l y =
l cl(k) hk sk + cl n
=

X

k2A

h k s k + nl ,

(2)

k2A(l)

where A(l) is the index set of active devices that choose code
l and nl = cH
l n ⇠ CN (0, N0 ). The AP can decode the signal
from active devices from zl if there is only one active device
in A(l). On the other hand, if there are more than one active
devices in A(l), collision happens and we may assume that the
AP is unable to decode any signals. It is possible to recover the
strongest signal if the other signals involved in collision are
sufficiently weak thanks to capture effect. However, we ignore
this possibility for the sake of simplicity in the performance
analysis later.
Note that in multi-channel ALOHA, we may use nonorthogonal spreading codes to have more channels. In this
case, the AP has to employ MUD rather than a bank of
correlators to detect signals. In this case, the resulting scheme
becomes compressive random access provided that CS-based
MUD is employed, which is presented in Subsection III-B.

III. C OMPRESSIVE R ANDOM ACCESS
In compressive random access, the sparsity of active devices
is to be exploited for MUD in random access as mentioned
earlier. Thus, in general, we assume a sufficiently low access
probability for a large number of devices in compressive
random access. In this section, we briefly explain two different
compressive random access schemes.
A. Compressive Random Access with Unique Signatures for
Devices
For compressive random access, in [12], [14], each device
has a unique signature3 or spreading code. Since the number of
devices is large, spreading codes are not necessarily orthogonal
to each other. Denote by φk the spreading code for device k.
Then, similar to (1), the received signal at the AP becomes
X
φk hk sk + n.
(3)
y=
k2A

Let Φ = [φ1 . . . φK ]. In addition, define ak = hk sk for
k 2 A and ak = 0 for k 2
/ A. Then, we have

(4)

y = Φa + n,

where a = [a1 . . . aK ]T is M -sparse. In the context of CS,
Φ is referred to as the measurement matrix [9], [17].
In compressive random access, the sparsity of a is exploited
to perform MUD for all the signals from M active devices
with a low-complexity CS algorithm such as the orthogonal
matching pursuit (OMP) algorithm [18].
B. Compressive Random Access with a Common Pool of
Signatures
The performance of CS algorithms for MUD depends on the
properties of the measurement matrix, Φ. In general, as the
number of columns of Φ increases, the performance of CS
algorithms is degraded. In compressive random access, this
implies that the performance of MUD becomes poor when K
is large. In order to avoid this problem, we may use a common
pool of spreading codes as in [16] where a common pool of
(non-orthogonal) spreading codes is considered. Each active
device can choose one of spreading codes for random access
as in multi-channel ALOHA. However, it is not necessary to
use orthogonal spreading codes if CS-based MUD is to be
employed.
Let = [ 1 . . . L ], where L is the number of spreading
codes. In general, L > N and the l ’s are not mutually
orthogonal. An active device can choose one of the spreading
codes in
and the received signal at the AP becomes
y=

(5)

b + n,
P

where b = [b1 . . . bL ]T . Here, bl = k2B(l) hk sk , where
B(l) denotes the index set of active devices that use the lth
spreading code, l .
This compressive random access scheme also suffers from
collision as in multi-channel ALOHA, because the same
3 Throughout the paper, we assume that signature and spreading code are
interchangeable.
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spreading code can be chosen by multiple active devices. On
the other hand, since this compressive random access scheme
can have more spreading codes than that in multi-channel
ALOHA (as spreading codes do not need to be mutually
orthogonal in compressive random access), it can effectively
reduce the probability of collision.
For convenience, the compressive random access scheme
where each device has a unique signature (in Subsection III-A)
is referred to as CRA-1, while that with a common pool of
signature (in this subsection) is referred to as CRA-2. Note
that CRA-2 can support much more devices than CRA-1 at
the cost of collisions.
IV. T HROUGHPUT A NALYSIS
In this section, we derive the throughputs of multi-channel
ALOHA, CRA-1, and CRA-2 schemes. For tractable analysis,
we consider a high signal-to-noise ratio (SNR) assumption. In
addition, we assume a collision model for both multi-channel
ALOHA and CRA-2.
A. Throughput of Multi-Channel ALOHA
When there are M active devices, the conditional probability that a certain active device can successfully transmit
its signal to
under the collision model is given by
� the AP
�M −1
. Thus, we can have the throughput
Ps (M ) = 1 − N1
conditioned on M active devices as follows:
◆M −1
✓
1
.
(6)
TA (M ) = M 1 −
N

If we assume that a device becomes active independently
with an equal access probability, denoted by pa , the probability
that there are M active devices is given by
✓ ◆
K M
Pa (M ) =
p (1 − pa )K−M .
(7)
M a
From this, the average throughput becomes

TA = E[TA (M )]
⇣
pa (K 1)
pa ⌘K−1
= Kpa 1 −
⇡ Kpa e− N .
(8)
N
From (8), we can readily see that the maximum throughput of
multi-channel ALOHA is M -time higher than that of singlechannel ALOHA, which is 1/e [5], i.e., TA  Ne .

B. Throughput of Compressive Random Access
The performances of various CS algorithms are generally
decided by the properties of Φ. For example, the coherence
of Φ, which is the maximum of the absolute values of the
inner products of two distinct columns of Φ, i.e.,
µ(Φ) = max |φH
l φm |,
l6=m

(9)

is a performance metric. Note that the coherence is easy to
find compared to the restricted isometric constant (RIC) [7],
[20]. From [21], for a recovery guarantee (in the absence of
noise), a sufficient condition with the coherence is found as
✓
◆
1
1
M < ⌧ (Φ) =
1+
.
(10)
2
µ(Φ)

Therefore, a lower bound on the throughput of CRA-1, where
there is no collision, conditioned on M active devices in
compressive random access can be obtained as
TC1 (M ) ≥ M (M < ⌧ (Φ)),

(11)

where (·) is the indicator function. In (11), we assume that
a CS algorithm cannot recover M signals if M is greater than
a certain threshold as in (10) and this event is referred to as
the sparsity-outage. In fact, a CS algorithm can recover all
the signals or some of the signals although M is greater than
⌧ (Φ) (note that the condition in (10) is a sufficient condition).
Thus, the conditional throughput in (11) is a lower-bound.
From (7) and (11), a lower-bound on the average throughout
of CRA-1 can be found as
TC1 = E[TC1 (M )]
≥

K
X

m=1
U
X

m (m < ⌧ (Φ))Pa (m)

✓ ◆
K m
pa (1 − pa )K−m
m
m=1
◆
U
−1 ✓
X
K −1 m
4
= T̃C1 = pa K
pa (1 − pa )K−1−m
m
m=0
=

m

= pa KF (U − 1; K − 1, pa ),

Pk

(12)

� n�

where U = b⌧ (Φ)c and F (k; n, p) = i=0 i pi (1 − p)n−i
is the cdf of the binomial random variable with parameters n
and p. From (12), we can see that U has to be sufficiently
larger than Kpa for a reasonably high throughput.
For CRA-2, we need to take into account collisions as well
as sparsity-outage. In this case, the conditional throughput for
given M active devices becomes
◆M −1
✓
1
TC2 (M ) ≥ M 1 −
(M < ⌧ (Φ)),
(13)
L
As in (12), we can find a lower-bound on the average throughput of CRA-2 as follows:

TC2 = E[TC2 (M )]
◆m−1
✓
K
X
1
≥
m 1−
(m < ⌧ (Φ))Pa (m)
L
m=1
◆◆m
◆✓ ✓
U
−1 ✓
X
K −1
1
K−1−m
= Kpa
(1 − pa )
pa 1 −
L
m
m=0
◆U −1
✓
1
4
≥ T̃C2 = T̃C1 1 −
.
(14)
L

Comparing (14) with (12), we can see that CRA-2 may have
a lower throughput than CRA-1. However, since each device
does not need to have a unique spreading code in CRA-2, it
can support any number of devices.
According to (11), it is desirable to have a large ⌧ (Φ). For
a set of spreading sequences, Zadoff-Chu (ZC) sequences can
be considered as in LTE-A system [4]. In this case, for a prime
N , there are N − 1 ZC root sequences [22]. For each ZC root
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sequence, we can have N sequences by circular shifting. These
sequences are orthogonal to each other, while the correlation
between root sequences is p1N . Thus, the coherence of Φ
consisting of ZC sequences is p1N . Note that since there are
N (N − 1) ZC sequences, they can support up to K = N (N −
1) devices in CRA-1 or build a pool of N (N − 1) signature
codes for CRA-2. We can also consider Alltop sequences [23],
[24] with prime N . The coherence is also p1N . Since there are
N 2 possible Alltop sequences, up to K = N 2 devices can be
supported in CRA-1 and a pool of up to N 2 signature codes
can be used in CRA-2.

According to the coherence,p we expect to have a guaranteed
recovery to detect up to b 1+2 N c = 6 active devices. However,
in practice, we can see that the OMP algorithm performs
better than this guarantee and can recover well up to 60 active
devices. Then, when pa ≥ 2 ⇥ 10−3 , both CRA-1 and CRA2 suffer from sparsity-outage and their throughputs are lower
than Kpa . If pa is too high (> 10−2 ), then there are too many
active devices (on average, there are more than 300 devices)
and the OMP algorithm cannot perform well to recover sparse
signals.
250

Property 1. Suppose that ZC or Alltop sequences are used
for CRA-1 and CRA-2. In addition, let L = N c, where c ≥ 1
is constant in CRA-2. Then, as N ! 1, T̃C2 ! T̃C1 .
Throughput

Proof: From (14) and (12), we have
◆U −1
✓
1
U −1
T̃C2
,
= 1−
≥1−
L
L
T̃C1

200

(15)

where the inequality is due to Bernoulli’s inequality.
For both
⇣
p ⌘
1
ZC and Alltop sequences, since ⌧ (Φ) = 2 1 + N ,
p
U −1
1+ N
lim
= lim
= 0.
N !1
N !1
L
2N c
This shows that T̃C2 ≥ T̃C1 when N ! 1. On the other hand,
from (14) and (12), we always have T̃C2  T̃C1 . Consequently,
as N ! 1, T̃C2 has to be equal to T̃C1 .
According to Property 1, we may prefer CRA-2 to CRA-1
as CRA-2 could support much more devices with the same
asymptotic throughput.
Note that both the throughputs of CRA-1 and CRA-2
depend on the properties of Φ. In general, CRA-1 and CRA2 suffer from sparsity-outage, while multi-channel ALOHA
suffers from collisions as (8). If U is sufficiently large, we
can see that the throughputs of CRA-1 and CRA-2 can be
higher than that of multi-channel ALOHA.
V. S IMULATION R ESULTS
In this section, we present simulation results when Alltop sequences are used for CRA-1 and CRA-2. For signal
recovery, we use the OMP algorithm [18]. Furthermore, we
assume that A = |hk sk | is fixed for all active devices. The
A2
. In CRA-1, we assume that
SNR is defined as SNR = N
0
the maximum number of devices is 2N (although it can be
up to N 2 ) to avoid a high computational complexity for
CS-based MUD. In addition, for the throughput of multichannel ALOHA, we use (8) which is based on a high SNR
assumption.
Fig. 1 shows the throughputs of multi-channel ALOHA,
CRA-1, and CRA-2 when N = 139, L = 2N , K = 30, 000,
and SNR = 20 dB for various values of pa . When pa is
sufficiently low, all the random access schemes provide similar
performances. However, as pa increases, the performance of
multi-channel ALOHA is degraded due to collision, while
CRA-1 and CRA-2 perform well until pa = 2 ⇥ 10−3 .

M−ALOHA
CRA−1
CRA−2
K*pa

150

100

50

0
−4
10

−3

−2

10

10

pa

Fig. 1. Throughputs of multi-channel ALOHA (M-ALOHA), CRA-1, and
CRA-2 when N = 139, L = 2N , K = 30, 000, and SNR = 20 dB for
various values of pa .

Note that the maximum throughput of multi-channel
ALOHA is N/e ⇡ 51.13, which is also clearly shown in
Fig. 1. On the other hand, the throughputs of CRA-1 and
CRA-2 can be easily two-time higher than N/e. It is also
noteworthy that CRA-2 performs better than CRA-1 in Fig. 1,
which is different from the prediction with the lower bounds in
(12) and (14). This behavior results from the fact that CRA2 can have a lower sparsity than CRA-1 on average due to
collisions. Thus, there can be more signals to be recovered in
CRA-2 than CRA-1 (despite collisions) as the CS-based MUD
can perform better with a lower sparsity.
Fig. 2 shows the throughputs of multi-channel ALOHA,
CRA-1, and CRA-2 when L = 2N , K = 1000, pa = 0.01,
and SNR = 20 dB for various values of N . As N increases,
in multi-channel ALOHA, the performance degradation due to
collision decreases, which results in the increase of throughput.
We also observe the same behavior for CRA-1 and CRA2, where a better performance is expected due to more
measurements (or a larger N ) in CS-based MUD.
To see the impact of the SNR on the throughputs of CRA-1
and CRA-2, we consider various values of SNR with N =
139, L = 2N , K = 1000, and pa = 0.01. The simulation
results are shown in Fig. 3. We can see that once the SNR is
sufficiently high, the throughput becomes saturated (e.g., the
throughput remains unchanged although the SNR increases
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of devices with a better performance than compressive random
access with unique spreading codes for devices.
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VI. C ONCLUSIONS
In this paper, we studied the throughput of compressive
random access and compared it with that of multi-channel
ALOHA. We showed that compressive random access can perform better than multi-channel ALOHA that uses orthogonal
channels thanks to CS-based MUD that can detect multiple
signals transmitted through non-orthogonal channels. We also
demonstrated that compressive random access with a pool of
sprading codes is more suitable for MTC to support a number
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